of 
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and let 
lf'(z)|<M<1 (2) 
in the interval R: (X —h SxS X+Ah). If x be in the interval R and tf x, 
ao, -*+ be found successively from the equations 
ai = f(t), f(x), tn = vee (3) 
then 
lim Zn = a 


We show first that if x,-; is in R then z, is alsoin R. Since X is a solution 


of (1), we have 
X = f(x). 


Applying the law of the mean to the second member of the following equation, 
we have 


tn — X = f(tn1) — f(X) = f’(En)(@n1 — X), (4) 
where &, lies between z,-:1 and X, and hence lies in R. Then 
lan —X|< Mlan1—X| < Mh<h, (5) 
and x, isin R. Since 2p is in R, it follows that 21, x2, --- are in R. 


By a repeated application of the inequality (5) we have 
lan —X| < — X| < (6) 


whence, since M < 1, 


lim |z, — X| = 0, 


which proves the theorem. 


Remarks on the Character of the Convergence. A consideration of the preceding 
inequalities brings to light a number of facts concerning the manner in which 
%, approaches X. Thus we note from (5) that x, is nearer X than 2z,_1 is; 
that is, each approximation is nearer the root than was the preceding approxi- 
mation. 

Again, we see from (4) that if the derivative is negative in R then x, — X 
and x,_; — X differ in sign; that is, the successive approximations are alternately 
greater than and less than the root. Hence the root lies between any two 
successive approximations. On the other hand, if f’(x) is positive in R, then 
2%, — X and 2,_; — X have the same sign, and the approximations are either all 
greater than X or all less than X, depending upon whether 2 is chosen greater 
than or less than X. 

What limit can be put on the error of the nth approximation? A first limit 
is given by (6), 

lan — X| < M*|xo — X| < M*h. 


a 

s 

n n—> oo 
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A second limit can be got in terms of the difference between successive approxi- 
mations. From (4) 


— X= f' (En) [an -X- (2n Ln—-1)], 
whence 
In — X (tn — Xn-1). 
This gives the inequality 
M 


If, however, f’(x) is negative in R, the denominator, 1 — f’(é,), is greater than 1, 
and we have the simple and strong inequality 


—X| < — 


First Illustration: The Quadratic Equation. Any equation can be written in 
the form (1) in an infinite number of ways. The essential thing is so to write 
it that f’(x) is less than 1 in absolute value in the neighborhood of the root. 
Consider the equation 


’+ar+b=0. 
We shall assume that the roots, X and Y, are real and unequal. We have 
ob=XY. 
(a) Write the equation in the form 


r=—-a- 


x 


In this and the following examples we shall represent the second member by 


f(x). Then 
fie) 
and at the root X 


This will be numerically less than 1 if |X| > |¥|. Hence, in the neighborhood 
of the numerically larger, if any, of the two roots the derivative is numerically 
less than 1, and the method of successive approximations, applied in a suitable 
interval about the larger root, will yield the larger root. 

(b) Writing the equation in the form 
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we have 
b 
and 
= 


This form of the equation is satisfactory in the neighborhood of the numerically 
smaller of the two roots. 
(c) Putting the equation in the form 


we have 


and 


This form is satisfactory for finding X provided X lies between Y and — Y/3. 
(d) Let us put the equation in the form 


where p is any constant. Then 
(p — x)? 


and 


p—-(X+Y)pt+XY_p-Y 
= = e 


If p be chosen near the root Y, the derivative is small in the neighborhood of X, 
and the convergence is rapid. 

In each of the preceding cases we have shown the existence of an interval 
about one of the roots within which the method of approximations is valid, 
the conditions of Theorem I being satisfied. The conditions of that theorem 
are, of course, sufficient and not necessary. The method may yield a root if xo 
lies entirely outside the interval within which |f’(x)| <1. In fact, it is known 
from the theory of linear transformations that when a quadratic equation with 
real roots is written in the form zx = (Ax + B)/(Cx + D), as in (a), (6), and 
(d), a definite one of the roots, X, is yielded by the method whatever value, 
real or complex, is selected for a (other than 2) = Y, if YX X)! If 2 is 


1 Excepting the snecial case A + D = 0, as in x = I/z. 


b+ 2 
a 
= 
f@)=-= 
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outside an interval within which the conditions of Theorem I hold, it will not 
follow that 2x, is nearer X than 2p-, is. 


Second Illustration: Effective Rate of Interest on a Bond. In the theory of 
investment the problem of finding the interest return on a bond which is not 
purchased at par can be solved only by some method of approximation. The 
equation of value gives the formula 


A= 


where A is the price paid for a bond of face value unity, r is the nominal rate 
of interest paid, n is the number of years to maturity, 7 is the effective rate of 
interest, and» = 1/(1-+ 7). It is required to find 7 when A, r, and n are known. 

Following are a few forms in which the equation of value can be written. 
The identity of these equations with the original equation is easily verified. 


@) ® t= 
The derivatives of the second members with respect to 7 are respectively 


In a great many practical problems 7 and r are small, A is near 1, and v” is 
considerably less than 1. The value of nvo"*!, which appears in all the derivatives, 
is not obvious. We find that nv"*!, regarded as a function of n, has a maximum 
when n = 1/log (1+ 7%). This maximum value is log (1+ 7%). Ifi <.1, 
so that log (1 + 7) > — > .951, we see that 


1 388 


If n is fairly large, so that v” is sufficiently small, a glance will usually show 
that each of the derivatives is less than 1 in absolute value. If n is small, or 
if A or r have unusual values, a special investigation of the derivative may be 
necessary. 


1The usefulness of the method for the solution of problems in investment was emphasized by 
C. H. Forsyth, The Solution of Certain Problems in Finance by the Method of Iteration, in the March 
number of the Monraty. 
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Example. Find the return on a 5 per cent. bond due in 20 years bought at 90. 
Here A = .9, r = .05, n = 20. Making the guess i = 5.5 per cent., and applying each of 
the four formule, we find the following successive approximations: 


(a2) .055, .0576, .0583, .0585, .05858,  .05861; 
(6) .055, .0596, .0585, .05863; 
(c) .055, .0580, .0586, .05862; 
(dq) .055, .0587, .05863. 
The solution, correct to six decimal places, is .058621. 


3. The General Equation in One Variable. Let X be a root of the equation 
F(x) = 0. 


We shall suppose that F’(x) does not change sign in the neighborhood of X. 
Without loss of generality we can suppose that F’(x) is positive. Specifically, 
we shall assume that there exists an interval R: (X —h <x < X +h) within 
which 

O0<a< F(x) <b. 


It follows from the non-vanishing of the derivative that X is a simple root. 
We can now write the equation in the form (1) in a great variety of ways. 
A. If 0<¢ < 2/b, where c is a constant, then 


x= 2 —cF(2) 


satisfies the conditions of Theorem I in the interval R. 
Clearly this equation is equivalent to the perenne: Representing the 
second member by f(x), we have 


= 1 — cF’(z). 
In the interval R 


Taking M as the greater of the two quantities |1 — cb| and |1 — ca|, we have 
<< M <1. 


We can generalize the preceding form of the equation by replacing the 
constant ¢ by a function of x. We shall require that this function shall not 
vanish in R, so that no extraneous roots are introduced. 

B. If in R the function g(x) satisfies the inequality 0 < o(x) < 2/b and ¢’ (x) is 
bounded, | | < Q, then there exists a sub-interval, R’ (X —k <x <X+h, 
of R within which the equation 

x= 2 — ¢o(z)F(z) 


satisfies the conditions of Theorem I. 
Since the limits 0 and 2/b are not actually attained in the closed inter al R, 
there exist constants c’, c such that 


< g(x) <e< 2/b. 


| 
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We have 

f(x) = 1 — g(x) — F(a), 
and 
Now 


<< 1-—ca< 1. 


Let M’ be the larger of the quantities |1 — cb| and |1 — c’a|; then M’ <1, 
and 


If'(@)| < Q|F@)|. 


Since F(x) vanishes at X an interval R’ : (X —k <2 < X +k) can be found 
such that, when M is chosen between M’ and 1, 


M — M’ 
Q 


<1. 


|F(x)| < 


in R’. Then 


4. The Newton-Raphson Method. This well-known method consists in using 

the equation 
F(z) 

as a basis for the successive approximations. By putting g(r) = 1/F’(x) this 
falls directly under the preceding treatment if we so restrict the original interval 
that a > $b (so that 0 < 1/F’(x) < 2/b), and if we assume the existence of a 
bounded second derivative, F’’(2). 

It is a simple matter to investigate the equation directly. We have 


By taking a suitably small interval about X we can make F(x) and hence f’(z) 
as small as we please, thus satisfying the requirements of Theorem I. 

This method has one great advantage not possessed, unless exceptionally, 
by the other methods treated. I refer to its rapidity of convergence. We have 
f'(X) = 0. In the equation 


tn — X = f'(En)(@n-1 — X) 


as n increases without limit £, approaches X and f’(é,) approaches zero. Hence, 
the ratio of the error of the nth approximation to that of the (n — 1)th ap- 
proaches zero. 

We can put this in another way if we admit the existence of a bounded third 
derivative, F’’’(x). Then f(x) exists and is bounded, and we have 


— X = f(tn1) — f(X) = — X)f'(X) + — (nn); 
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where 7, lies between x,-; and X. Then 
la, — X| < — 
where C is an upper bound of 3|f’’(zx)|. 


5. Extensions of Theorem I. A practical problem in the application of the 
method of successive approximations concerns the possibility of replacing the 
functions involved by simpler and more manageable expressions, at least in the 
earlier stages of the process. Can we, for example, replace a function by a few 
terms of its expansion in a power series, or by a simple interpolation formula, 
or by values read from a rough graph, the approximation used becoming more 
accurate as the work proceeds? It will appear that we can do so under suitable 
conditions. Two sets of sufficient conditions will be given in this section. 

THEOREM II. Let X be a solution of the equation 


a = f(z); 
and in an interval R: (X —hSoxSX+A) let 
<< M<1. 


Let fi(x), fo(x), «++, fn(x), +++ be a sequence of functions such that in R 


lfn(x) — f(x) | < (1 M)h, n = 1, 2,3, 
and 
lim fn(x) = f(x) uniformly in R. 
If xo is in R and tf x1, x2, «++ be found successively from the equations 
ay filo), = fo(a1), rn = 
then 
lim z, = X. 


We show first that if z,_; is in R so also is z,. We have 


tn — X= — f(X) fn(@n—-1) — f(tn-1) + f(an-1) — f(X) 
= fn(tn—1) — f(tn—1) + f’ (En) — X), 


where &,, lying between z,-; and X,isin R. Then 


tn — X| < |fa(ems) —f(tn1)| + M| tea — X| 
< (1 M)h+ Mh= 


Therefore z, isin R. Since 2 is in R, it follows that 2, x2, --- are in R. 
We now prove the convergence. Let ¢, be the least upper bound of 
\fn(z) — f(x)| in R. Since the convergence is uniform, lim ¢, = 0. We have 


lan —X| <en+ Mian. — 


| 
| 

| 
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By a repeated application of this inequality we get 
— X| < + Mens + Meno + + M™™e, + — X|. 


Let r, be the greatest of the quantities (V¥ M)"|2) — X| and (Vv M)"~e,, i = 1, 
2,-++,n; then 


As n increases without limit r, approaches zero, and 
lim |z, — X| = 0, 
which completes the proof. 

It will be noted that no requirements-are put on the derivative of f,(z), 
not even that it exist. In fact, fn(x) need not be continuous, It may be re- 
marked that any sequence of functions approaching f(x) uniformly in R can be 
used as the sequence f,(x), provided we discard such members of the sequence, 
if any, at the beginning for which the inequality |f,(x) — f(x)| < (1 — M)h 
fails to hold. 

THEOREM III. Let X be a solution of the equation 


x= f(z). 


Let fi(x), fo(x), «++, fn(x), +++ be a sequence of functions with the following prop- 
erties in an interval R: (X —h SxS X+Ah): 


(a) lfn’(z)| << M <1, 
(6) lf(X) — f(X)| << hk M), n= 1,2, 
(c) Jim fa(X) = f(X). 
If xo is in R and if x1, x2, «++ be found successively from the equations 
= fi(xo), x2 = fo(21), tn = 
then 
lim z, = X. 


If zn; is in R, we have 


tn — X = — f(X) = fn(@n-1) — fa(X) + fa(X) — 
= fn'(En)(@n—1 — X) + fa(X) — f(X). 


lan — X| < M\an1 — X| + |fn(X) — f(X)| 
< Mh+(1— M)h=h; 


Then 


and 2, is in R. 
Putting |f,(X) — f(X)| = én, we have 


lan —X|<én+ M|an1—X|, where lim e, = 0. 


n—>o 


eee? 
eeet 
n—>o 
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From this point the proof is completed, word for word, as in the preceding 
theorem. 


A useful case under this theorem is that in which f,(X) = f(X) for all values 
of n. Then obviously conditions (b) and (c) hold. We can now generalize the 
method of solution of F(z) = 0 when put in any of the forms given in Proposi- 
tions A and B or in the Newton-Raphson method. For, whatever constant ¢ 
or function g(x) be chosen the second members are all equal at X. Theorem III 
shows that the process will converge if we employ 


tn = fn(tn-1); 


fr(z) = « — K,F(2), 


where 


where K, is any constant satisfying the conditions of Proposition A, or any 
function of x satisfying the conditions of Proposition B, or K, = 1/F’(z) ina 
suitably restricted region about X. 

In practice we can employ our freedom in the choice of K, in various advan- 
tageous ways. For example, we can use constant values in the earlier stages of 
the process and use the Newton-Raphson method in the final stages, thus taking 
advantage of the rapid convergence of the latter method. Or, following a 
suggestion of Whittaker and Robinson,’ we can intermingle constant values of 
K,, with the value 1/F’(x). Thus, in getting z, by the Newton-Raphson method 
we must compute F’(x,_1), and we can use the reciprocal of this for a number 
of succeeding values of K,. This will usually effect a saving of labor, since the 
derivative need not be recomputed at every step. 


6. The Existence of a Solution. Hitherto we have assumed the existence of 
a root in the interval considered. Under suitable conditions we can prove that 
a root exists. We shall prove first the following simple theorem. 

THEeorREM IV. [Jf in an interval (a < x < b) 


If@|<M<1, 
then there is not more than one solution of the equation 


f(z) 


in the interval together with its end points. 
For, suppose there are two solutions, X and Y. Then 


X — Y= f(X) —f(Y) = fe) (X— ¥), 
where £ lies between X and Y and hence is in the open interval. Then 


=1, 


which is contrary to hypothesis. 
1 The Calculus of Observations, p. 91. 


i 
iW 
| 
q 
q 
| 
| 
i 


282 THE METHOD OF SUCCESSIVE APPROXIMATIONS. (June-July, 


V. [f in an interval R’ —h 2'+h) a number M exists 
such that 
lf'(z)|< M<1 mR, 
and 
f(z’) — 2'| < hl —.M), 


then there ts one and only one solution of the equation 


«= f(z) 


in R’, and the method of successive approximations with any initial value xo in R’ 
converges to it. 

That there is not more than one root follows from Theorem IV. We show 
next that there is at least one root. Suppose the contrary. Then x — f(x) has 
the same sign throughout the interval. 

Let x — f(x) be positive in R’. Then at 2’ and 2’ — h we have 


0< 2’ — f(x’) < hl — M), 
fle’ — h) — <0. 
Adding, 
h+ f(x’ — h) — f(x’) < h(l — M). 


Applying the law of the mean, 
h — hf'(é) < h(l — M), 
where x’ —h<&< 2’. Then 
1-f'é)<1-M, or fi(é)>M, 


which is contrary to hypothesis. 
Similarly, if 2 — f(x) is negative in R’, we have at 2’ and 2’ + h 


0< f(z’) -—2’ < “ M), 
+h—f(e’ +h) <0. 


Adding and applying the law of the mean, 


h+ f(x’) — fle’ +h) < hl M), 
h — hf'(é) < hl — M). 


This leads, as before, to a contradiction. Hence there is one and only one root 
in the interval. 

Let X be the root. Let zo lie in R’ and apply the method of successive 
approximations. The reasoning used in the proof of Theorem I can be employed 
to prove that x, approaches X, provided all the approximations lie in R’. For, 
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the first inequality in (5) holds; namely, 
lan —X|< 


whence the inequalities (6) and the convergence follow. 
It remains to show that z, lies in R’ for all values of n. It suffices to show 
that if z,—-1 is in R’ then z, isin R’. We have 


tn — = — = — f(z’) + f(z’) 2’ 
= f' (En) (tna — 2’) + f(z’) 2’, 


where £, isin R’. Then 


lan — 2’| < — 2’! + — M) 
< Mh+ h(1 — M) =h; 


hence z, isin R’. This completes the proof. 

Corottary. If |f’(x)| <M <1 for all values of x, then there is one and 
only one solution of the equation x = f(x), and the method of successive approxi- 
mations with any initial value converges to it. 

For, letting x’ be any value of x we can choose h so large that the inequality 
|f(a’) — 2’| < h(1 — M) is satisfied and that any preassigned value zp is within 
the interval <2 <2’+h). Theorem V then applies. 

Examples to which the corollary applies are 


i+ 2 


1 
5 Cos 2, x 


Suppose that we lay aside all consideration of the properties of f(x), choose 
an initial x9, and apply the method of successive approximations, on the theory 
that the proof of the pudding is in the eating. If it turns out that we can find 
each approximation, z,, and if the sequence of approximations converges, is the 
resulting limit a solution? With the slight condition of continuity such is 
the case. 


THEOREM VI. Let xo be chosen, and let x1, x2, --- be found successively from 
the equations 
= f(xo), xe = f(x), tn = f(Xn-1); 
If 


lim z, = X, 


and if f(x) 1s continuous at X, then X is a solution of the equation 
x = f(z). 
Subtracting and adding the equal values x, and f(x,-1), we have 


X —f(X) = X — ant f(en-1) — f(X). 


| 
| 
| 
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Given any ¢ > 0 we can choose n so large that |X — z,| < € and, since f(z) is 
continuous at X, so that also |f(xn-1) — f(X)| <«. Hence, |X — f(X)| < 2. 
Since 2e can be made as small as we please, it follows that X — f(X) = 0, which 
was to be proved. 


7. The Solution of Equations in Several Variables. In this section we shall 
make a brief discussion of the solution of m equations in m variables, the analysis 
being developed along the lines suggested by the case of the equation in one 
variable. The method of successive approximations is often very useful in this 
problem—frequently difficult—of solving simultaneous equations. 

TuroreEM VII. Let (Xi, Xe, «++, Xm) be a solution of the equations 


ti = filai, +++, tm), +++, m, 
and in the region R : (Xi —h Sa; < X¥; +h), =1,-++,m, let 
< Mi;, i,j =1, +++, m, 
Ox; 
where 
Mat i, i=1,-++,m. 


Let +++, om) be in the region R and let (141, +++, 10m), (201, 22m), 
be found successively from the equations 


nti = fi(n—i1, t=1,+++,m; 
then 
lim nt; = Xi, t=1,-++,m.. 
n—> 


The proof follows the lines of the proof of Theorem I. We show first that 
all the approximations are in R. Since the first is chosen in R, it will suffice to 
show that if (,-12%1, «++, n—1%m) is in R so also is (n21, «++, n%m). We have 


nti n—1%m) — f(Xi, Xm); 


and, applying the law of the mean for a function of m variables, 


wi — (34) — X1) + 
+(% 


Xm 


where lies between and X;, so that (né1, ném) is in R. Then, 
representing the largest of the quantities, | ,17; — X;|, by Nn—1, we have 
|nts — Xi] < (Mat + Mim)Nn-1 < S rh < h, 


therefore (n%1, n%m) is in R. 
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The convergence follows from these last inequalities. We have NV, < rNy-1, 
whence 


| X;| < N, < < rN r™No. 
As n approaches infinity r" approaches zero, hence ,2; approaches X ;. 


8. The General Equations. The equations F;(21, ---, 2m) = 0 can be written 
in the form 2; = f;(21, --+, 2m) in an infinite variety of ways. If the Jacobian 
of the functions F; is greater than some constant greater than zero in the neighbor- 
hood of the solution, then the conditions of Theorem VII can be satisfied. 


9. Generalization of the Newton-Raphson Method. For simplicity we shall 
treat three equations in three variables, 


F(a, 2) 0, G(a, 2) 0, 2) 0. 


We assume the existence of bounded second derivatives in a region R enclosing 
the solution (X, Y, Z), and we assume that 


J=|F, G, Hy|+0 mR 
@i 


THEOREM VIII. There exists a region R’ in R within which the equations 


F, G, H, F,'G, H, 


(a) 
il? G, H 

F, G, 


satisfy the conditions of Theorem VII. 

It is easily established that these equations have no solutions in R other 
than those of F = G = H=0. (On simplification we have three linear equa- 
tions in F, G, and H whose determinant is a power of J, which is not zero.) 

We shall now examine the partial derivatives of the second members, which 
we shall represent by f, g, and h respectively. We have 


1 F, G, W, 
fe=1 F, Gy Ga Haitif, ay 
F, G, H, F, G, H, | Gre Hz, 


J 
+73 F, G, H, |- 


z 


| 
| 
| 
| 
J 
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The first determinant is equal to J, so that the 1 is cancelled. The remainder 
can be put in the form 


f. = AF + BG + CH, (6) 


where A, B, C are functions bounded in R. Similarly g, and h, can be put in 
this form. 


F, G, Hy|+|Fr Gp Hy|+|F, G, A, 

@ 

+53/F, H,|- 

G. H, 


The first determinant is zero, and f, is of the form (b). The same is true of the 
remaining derivatives. 

By taking a sufficiently small region about (X, Y, Z), F, G, and H can be 
made as small as desired; hence the partial derivatives can be made as small 
as desired. Hence, the conditions on the derivatives in Theorem VII can be 
satisfied. 

The formule used here have the same advantage possessed by the Newton- 
Raphson formula in one variable; as the root is approached the partial deriva- 
tives all approach zero, and the convergence is increasingly rapid. 


10. Analogues of Propositions A and B. Probably the simplest form for 
computation is the following: 


x= 2-—a,F — — oH, y= y — — boG — eH, 
z= 2 — — b3G — c3H, 


where a, --:, ¢3 are constants. If here the constant coefficients are sufficiently 
near the variable coefficients of F, G, and H in (a), the conditions on the deriva- 
tives in Theorem VII are satisfied in a region about (X, Y, Z). For, by taking 
b;, and sufficiently near to 


1|G, HA, 1|H, Fy, 1|F, G, 
f. and f, are arbitrarily near to 
G, Py + H, F, F, G, Hy 


both of which are zero. Similarly the other derivatives are in the neighborhood 
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of zero. Hence the conditions of Theorem VII can be satisfied. It will be noted 
that no second partial derivatives are used here, so that their existence, which 
was necessary in the Newton-Raphson method, is not required. 
Again, the constants of the preceding paragraph may be replaced by functions 
of x, y, and z if these functions are sufficiently close to the coefficients in (a). 
Then 
fe = (1 — — — eH) — + + 


In this derivative, which is typical, the first bracket is small and the second 
can be made as small as desired by restricting the region. We can then satisfy 
the conditions of Theorem VII. 


IN THE SURNAMED CHOSEN CHEST. 
By DAVID EUGENE SMITH, Columbia University. 


I. Association 


This cryptic title, from “A Death in the Desert,” shows that Browning was a 
genuine bibliophile, one who loved to speak of the ancient “parchment, of my 
rolls the fifth,” which “lies second in the surnamed Chosen Chest.” The title is 
manifestly selected for this paper merely for the purpose of arousing at least a 
slight degree of curiosity, of securing the attention of those who love old books, 
and of tempting some friend, or friends, to taste the pleasures of knowing of other 
chosen chests than those which he, or they, may guard with jealous care. 

The article simply mentions a few of the more important “ association copies” 
in the writer’s library. The purpose is to let others know that in this country 
there are slowly forming nuclei of bibliographic rarities such as we may properly 
confess to envy in the great collections of the Old World;—nuclei that will natu- 
rally have an influence upon our scientific collections in university, public, and 
private libraries as the years go on. 

The books might have been listed as in one of those dreary catalogues whose 
soulless cards seem to warn a true booklover to abandon hope. This would have 
been the method of science, but not the method of art; the method of the book- 
stacks, not that which harmonizes with a chosen chest. 


Few interesting association copies of the sixteenth century find place in modern 
private libraries. Such volumes have usually long since been lost or have been 
permanently acquired by the large public libraries abroad. One of the most 
interesting ones in this collection is the second edition of Tonstall’s De Arte 
Svppvrtandi (Paris, 1529) with the autograph of Thomas Digges,? who died in 
1595 and whose contributions to mathematical literature were, considering the 
time, not without interest. 


1 This article is the first of a series. Eprror. 

* He wrote, with his father Leonard, An Arithmeticall Militare Treatise, named Stratioticos 
(1572), and published his father’s Pantometria. All such autographs and inscriptions have been 
carefully authenticated. 
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We know little of Rafael Bombelli, who wrote the first book to be printed 
under the single nominative of algebra.!_ This little.is told in substance in any of 
our recent histories. One of the pleasant bits of information, which at least tells 
us that there were others of his family, lies in a copy of the first edition presented 
by his grandson Giovanni (Joannes) and bearing upon the title page the words 
“Dona” [Donavit] Exim™ [Eximius] D. [Dominus] Doc™ [Doctor] Jois [Joannes] 
Bombelli mihi Joi Bacialtio.” The book therefore originally belonged to the 
grandson of Rafael Bombelli, the author, and he had written these words: 
“Doctoris Ioannis Bombelli huiusce Auctoris Nepotis ex filio,” the word nepos 
evidently meaning in this case grandson instead of nephew. So it appears that 
the author had a son; that this son had a son, Doctor Giovanni (Joannes) 
Bombelli; and that this Giovanni had given the book to one Joannes Bacialtius 
(probably Giovanni Bacialcio). The book has numerous marginalia, some in the 
hand of Bacialtius, but most of them written by Giovanni Bombelli. 


Vincenzo Viviani? took pride in speaking of himself as “ Postremus Galilei 
Discipulus,” having studied with the great Pisan master in the last days of the 
latter’s life. Among his works one of the best known is his De Mazimis, / et 
Minimis | geometrica divinatio | In Qvintym Conicarvm | Apollonii Pergaei | adhve 
desideratum (Florence, 1659). The copy in this library was presented by him to 
Nicolaus Heinsius, the great Dutch bibliophile (1620-1681) at Leyden, and bears 
the inscription “Clarissimo, Eruditissimo, Doctiss°*- Viro D. Nicolao Heinsio 
Deditissimus Auctor D. D.” (for donum dat). Beside it rests the vellum-bound 
Bibliotheca Heinsiana | sive | Catalogvs | Librorum, | Quos, magno studio, & sumtu / 
dum viveret, collegit | vir illvstris | Nicolaus Heinsius, | Dan. Fil.’ (Leyden, 1682), 
the catalogue of the sale of this extensive library. It is a marked copy containing 
the prices received for the various books, and this particular work by Viviani then 
brought the equivalent of $1, which was rather high for a mathematical folio at 
that time, Regiomontanus’s De Triangulis going for 60 cents and Bachet’s 
Diophantus for only five cents more. 


Another folio in the library was bought at about the same time and price, but 
not at this sale. It is the Historia / Rerum in Orien-/te Gestarym ab Exor-/ dio 
Mondi et Orbe condito | ad nostra haec vsqve tempore (Frankfort a. M., 1587). It 
bears the owner’s autograph and the price he paid for it,—“Is. Newton, pret 
4° 64,” 


When Joseph Raphson published his Analysis quationum Universalis, 
in 1690, he was already on friendly terms with the owner of the folio just men- 


1 L’ Algebra] parte maggiore | dell’ arimetica | divisa in tre libri | di Rafael Bombelli | da Bologna. 
Bologna, 1572. In spite of the “‘Nouamente poste in luce,” this was the first edition. Bombelli 
was born c. 1530. There were, however, various earlier works in which the name was embodied 
in the title page, such as Scheubel’s algebra, Paris, 1551. 

2 Born at Florence in 1622; died there in 1703. 

3 The son of Daniel (1580-1655), who was the greatest Dutch scholar of his time. 
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tioned,—the man whose claims to the invention of the calculus he was later to 
champion in The History of Fluxions (London, 1715, posthumous). It was 
therefore natural that he should present a copy of his work to Newton. It was 
an essay of only forty-four pages, but was of quarto size and contained a con- 
siderable amount of material. He wrote on the fly leaf, “To Mr. Isaack Newton, 
with my most humble service. I. R.” 

Newton had also been receiving certain other publications in quarto size about 
the same time, among them the following: Abregé des Observations & des Reflexions 
sur la Comete... de... 1680... Par Mr Cassini (Paris, 1681), Observations 
sur la Comete qui a paru au mois de Decembre 1680. et en Janvier 1680, also by 
Cassini (Paris, 1681), Reglement ordonné par le Roy pour l’ Académie Royale des 
Sciences (Paris, 1699), De Lagny’s work on roots (2d ed., Paris, “M. DC. 
LXCII,” for 1692), and Huygens’s Astroscopia Compendiaria (The Hague, 1684). 
On the wide margins of the second of the Cassini documents Newton made various 
notes, chiefly on the position of the comet as seen in England. He then wrote on 
the first fly leaf “ Miscellanea Mathematica” and sent the lot to the binder. The 
latter bound them up with the title which Newton suggested, and then, with the 
usual lack of intelligence shown by the ordinary members of his guild, trimmed 
the edges, thereby cutting off portions of the writing. 

The book is valuable, however, as evidence of the relations between Newton 
and certain of his contemporaries, and like all association copies of his it has 
come to rank among the rarities. 


The Synopsis Palmariorum Matheseos by William Jones, published in London 
in 1706, is well known as being the first book in which 7 is distinctly used to 
represent the number 3.14159 . . . . The statements appear on page 263 in the 
form “3.14159, &c. = 7,” and “d= 7.” The book is not of great rarity, 
but this particular copy is unique because of a large number of corrections and of 
manuscript pages interleaved. A written memorandum of the source of these 
notes is given on one of the fly leaves by an early owner, one T. Todd, in these 
words: 

“The papers and notes interspersed in several places of this Book was copied 
by me from one of Mr. Jones Synopsis’s which Mr. Reuben Burrow (now in 
India) lent me, and who told me they were wrote by a Gentleman ! who took them 
from Mr. Jones’s own Papers, and was intended for a new edition of this Book. 
There are some few notes besides, which are mentioned not his.—T. Todd.” 

From the standpoint of simple algebra the notes are interesting as showing the 
development of the author’s views after his book was published, but their im- 
portance is only historical. The most extensive additions are concerned with 
fluxions, annuities, and the theory of quadratics. 


Bishop Berkeley’s The Analyst; or, A Discourse Addressed to an Infidel 
Mathematician, published anonymously “By the Author of The Minute Philoso- 


1 “T think this gentleman lived in the Tower, and his name Mr Campbell.” [Note by Todd.] 
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pher” in London in 1734, is well known for the searching inquiry that it made 
into the bases of the Newtonian theory of fluxions. It has a special interest to 
Americans because of Dr. Berkeley’s visit to this country and his influence upon 
the religious and philosophical thought of the early period of our national develop- 
ment. The book itself is not particularly rare, but this copy is interesting because 
it bears this inscription in the hand of Sir Thomas Hanmer (1677-1746), speaker 
of the House of Commons and editor of Shakespeare’s works (1743-1744): 
“Written by Dean Berkley and by him Given to me.” It afterward passed into 
the hands of Sir Henry Edward Bunbury (1778-1860), who wrote the Correspond- 
ence of Sir Thomas Hanmer, Bart. (London, 1838), and whose autograph 
statement of its history is on the fly leaf opposite his bookplate. 


Fhe Geometry of Curve Lines by Sir John Leslie (1766-1832) was published at 
Edinburgh in 1813. As the author says, “I have contented myself with printing 
a very limited number of copies, merely for the accommodation of my students; 
but as soon as I can find sufficient leisure, I propose to complete the task, and 
endeavour, by improving the arrangement, and expanding the contexture of the 
work, to render it more fit for the public eye.” This essay, limited in number 
though it was, can hardly lay claim to any extreme rarity; but this copy, inscribed 
in Leslie’s hand “ A Monsieur Arago de la part de l’Auteur,”’ is a pleasant reminder 
of those through whose hands it onetime passed. 


The life of Charles, Baron Dupin (1784-1873) is well known, partly because 
of his contributions to mechanics and differential geometry, and partly because 
of the many activities of this one of the “trois Dupins,”’ as the brilliant trio of 
brothers were called. He made frequent visits to England and was much inter- 
ested in the life of the country and the achievements of her scholars. Among 
those with whom he came in contact was Archibald Constable (1774-1827) of 
Edinburgh, a man ten years his senior, first publisher of the Edinburgh Review 
(1802) and the one-time owner of the rights in the Encyclopedia Britannica. 
Constable’s bankruptcy (1826) was connected with the severe financial embarrass- 
ment of Sir Walter Scott. Whenever, during a period of several years, Dupin 
published a new memoir he apparently sent a copy to Constable, sometimes with 
the inscription “Offert par l’auteur, Ch. Dupin,” sometimes more affectionately 
“4 mon frére, Ch. Dupin,” and at other times in English or in a bilingual note 
like “offert par l’auteur to his friend Mr. A. Constable, Ch. Dupin.’’ These 
memoirs Constable had bound in tooled calf, and these too are now in the company 
of others such as those already described. 


Of all the rarities in the collection, no one has greater interest than the first 
volume of Libri’s Histoire des Science Mathématiques en Italie. Libri relates that 
he had taken from the printing establishment “eight or ten” copies of the work, 
in unbound sheets, but that the day after the publication a fire consumed the 
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entire stock. He at once set to work to prepare the copy for the new edition, but 
it was three years before this so-called first edition appeared, in 1838. He 
evidently prepared two copies, one for himself and the other, with somewhat more 
extended corrections, for the printer. His own copy, with hundreds of addenda 
and corrigenda, he gave in his later years to his friend Professor Ferdinando 
Jacoli, of Venice, from whom I obtained it in 1904, and who, at my request, 
wrote a memorandum of the.circumstances mentioned. This edition bears the 
date 1835, and was printed about the close of that year. It would be interesting 
to know how many of the “eight or ten” copies still survive, and whether the 
other one with Libri’s notes has been preserved. 


Of the works of the nineteenth century there are various presentation copies in 
the library. Among them is the Letters of Euler . . . to a German Princess, 
edited by Dr. David Brewster, with his autograph, “To Miss Jane Grant With 
Dr. Brewsters Comp*.”’ 

In the “ Report on Mathematical Tables,” in the Report of the British Associ- 
ation for 1873, page 31, there is a note on A Table of the Circles arising from the 
Division of a Unit . . . by all the integers from 1 to 1024 (London, 1823). In this 
collection is a copy of the work with the inscription “ W. George Horner, Bath,” 
a man who is known to all algebraists because of Horner’s Method (1819) of 
solving numerical higher equations. Horner (1786-1837) made a large number of 
notes in the book and was evidently much interested in the study. 


The Rara Mathematica of Jaines O. Halliwell (afterwards Halliwell-Phillips, 
1820-1889), the well-known but unfortunate Shakespearean scholar and biblio- 
phile, went through two editions. It is one of the most successful presentations 
of early texts by English writers on algorism, optics, astronomy, and kindred 
subjects, and includes also the “Carmen de Algorismo” of Alexandre de Villedieu. 
With respect to the latter, Chasles had contributed certain information to 
Halliwell, and it was therefore natural that the latter should present him with a 
copy of this work, which he does with the inscription “a Monsieur Chasles Offert 
par l’Editeur J.O.H.”’ The book bears the bookplate “ Ex Bibliotheca Michaelis 
Chasles Acad. Scientiar. Socii.” with the monogram M. C. 


The Analytical View of Sir Isaac Newton’s Principia, by Lord Brougham and 
E. J. Routh (London, 1855), does not seem to have been received with much 
enthusiasm as a scientific contribution, but it is a worthy though rather prolix 
treatise, the mathematical part being due, no doubt, entirely to Mr. Routh, 
afterwards professor at the Woolwich Military Academy, and author of various 
standard treatises on dynamics. 

The work is not rare, but a presentation copy with a four-page letter from 
Brougham naturally has considerable interest. In the letter, which was written 
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from Cannes in 1855 (probably December 31, but he wrote an execrable hand and 
it is always difficult to read his lines), he has added an interesting postscript 
relating to De Morgan and to Bulwer-Lytton: “Should you see our friend Prof. 
De.M. pray ask him if he has heard that Sir E. B. L. is writing a Novel on spirit 
manifestations? This rumor has reached me from Germany but I know no 
more.” 

In the collection is also a presentation copy “From the Author” of Lord 
Brougham’s Tracts, Mathematical and Physical (London and Glasgow, 1860), 
besides some 350 of his autograph letters. 


Lord Brougham’s address on “The Monument to Sir Isaac Newton”’ first 
appeared in his little volume of Addresses on Popular Literature in 1858. The 
address was delivered at Grantham on September 21 of that year. Immediately 
after its publication (in fact, on October 27 of the same year), his lordship sent to 
Mr. Law, the publisher, a copy of the work with a large number of corrections 
(nearly seventy on the Newton essay alone), which corrections were to be em- 
bodied in the second edition. They were inclosed in an envelope addressed to 
Law and autographed “Brougham,” and the former prized them so highly as to 
bind the original, the notes, and the envelope, and in this form the volume now 
has at least a temporary resting place in the company of other association copies 
mentioned in these notes. 

When Prince Boncompagni learned of the existence of the manuscript of 
Chuquet (written in 1484; original Codex Colbert 2170 Regius 7482), in the 
Bibliothéque Nationale, he sent to Professor Aristide Marre, at that time (about 
1880) one of the best-known scholars of Paris, asking him to transcribe the work 
for publication in the Bullettino di Bibliografia e Storia delle Scienze matematiche e 
fisiche. It appeared in Vol. XIII, page 555, supplemented by extensive notes. 
This was before the days of photostats (or rotographs), and so it needed a man of 
Marrfe’s attainments to make a copy with sufficient precision for the purposes. 
This copy, of 147 folios (294 pages), was prepared with great care, the writing 
being somewhat in imitation of the original, and it bears numerous signed notes by 
Marre himself. 

Boncompagni preserved the manuscript and at his death it came, with all the 
rest of his great library, to the auction room and finally found its present lodging 
in the company of these other rarities. 


Three years after Sir William Rowan Hamilton published his Lectures on 
Quaternions (Dublin, 1853) he was moved to present a copy to the Ear! of Burling- 
ton. The copy bears the inscription “Presented to The Earl of Burlington, &c 
&c &c with the respectful regards of the author. Observatory, Dublin, April 
18th, 1856.”” The Earl, who had perhaps been visiting the observatory that day, 
later took the pains to open the first sheet, perhaps to see to whom the book was 
dedicated, but that was all; for the rest he had no use. As an association copy 
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it would not be quite proper for a later owner who is something of a bibliophile to 
go further, and so the book still remains with not a single page of the text opened 
by the paper knife. 

At the time of the death of Augustus De Morgan (March 18, 1871) he had 
substantially completed his well-known Budget of Paradoxes. The work was 
made up in large part of numerous articles and letters of his which had already 
appeared in the Atheneum, but these he had carefully revised, supplementing 
them by many new pages of manuscript. Upon his death Mrs. De Morgan 
arranged the material for publication, wrote a preface, and saw the book through 
the press. The original manuscript and corrected articles, all in De Morgan’s 
hand, and the manuscript of the preface, are now in this collection, as is also a 
copy of the first edition (1872), specially bound in vellum for the library of Mrs. 
De Morgan. After her death the manuscript and this copy passed to William 
De Morgan, the novelist, and at the latter’s death they were acquired for this 
collection. 


In the second edition of De Morgan’s Budget of Paradoxes (Chicago, 1915) 
there is a note (Vol. I, p. 290) on the Sheepshanks-Babbage-De Morgan contro- 
versy. On the death of Sheepshanks in 1855, De Morgan read before the Royal 
Astronomical Society a memoir speaking of his life and work. This moved Sir 
James South, an astronomer of prominence, to attack De Morgan for his defense 
of Sheepshanks against a charge that he had defrauded the customs. All this 
stirred up a good deal of bitterness, correspondence, and newspaper controversy. 
This material De Morgan brought together in a folder and kept until he died, 
after which, in due time, it all came into this collection. It is now past history; 
otherwise its publication would be interesting. 


Of other association copies of the last two generations it is not intended to 
speak. Such copies can rather easily be secured. ‘Two exceptions will be made, 
however; one of them because of its American interest. When Professors 
Campbell and Garnett published the Life of James Clerk Maxwell (London, 
1882) they referred (p. 41) to the fact that Maxwell was reported slow at learning 
and “that the tutor was rough. He [the tutor] was probably a raw lad, who 
having been drilled by harsh methods had no conception of any other, . . . He 
had, in fact, tried to coerce Clerk Maxwell.” 

The book found its way into the hands of this same tutor James Middlemiss, 
who had emigrated to Elora, Ontario, and who at once wrote to Professor Camp- 
bell a letter of some eighteen pages, giving his side of the case and describing the 
youth of his pupil. This letter the recipient placed in what was apparently his 
own copy of the work, and there it still remains, unpublished. 


A single other one of the later items may be mentioned because it is unique. 
As is well known, the most important contribution to our knowledge of early 
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Hindu mathematics made in recent times is the Ganita-Sara-Sangraha of Mahia- 
vira, transliterated from Canarese into Sanskrit characters by the late Professor 
Rangacharya of Madras, and by him translated into English. Among the valued 
items in the collection are two bound volumes of the proofsheets of the work with 
the corrections to the translations in the translator’s own hand. 


There are those who will look at such a list and ask the ancient question, 
Cui bono? For such the answer is that there is no good,—for them. Others will 
have a different feeling, one of personal interest in the makers of mathematics and 
in the evidences of their friendships and their possessions. Still others will go to 
their own “chosen chests” and take pleasure in the fact that they have also 
helped to bring to this country such bibliographic items, while (let it be hoped) 
planning to place them eventually in some great library where they will be pre- 
served for the future use of all scholars, or at least of those who are glad to rank 
as biographers and bibliophiles. 


A SOLUTION OF THE QUADRATIC CONGRUENCE MODULO », 
p = 8n+ 1, n ODD. 


By P. A. CARIS, University of Pennsylvania. 


1. Introduction. The form of explicit solutions of the quadratic congruence 
with prime modulus depends on the form of the modulus. If p be the prime used 
as modulus and if p be of the form 4q + 3 or of the form 8n + 5, explicit solu- 
tions can be and have been obtained. A summary of these cases is given below. 
The purpose of the discussion which follows will be to find explicit solutions 
in the case of p = 8n+ 1 with n an odd number. For the sake of brevity, 
(p) will be used to represent (mod 7). 

If p is a prime of the form 4g + 3, the congruence 2? = a(p) has the solution 
(p). 

If p is a prime of the form 4q + 1, the solution of the above congruence 
becomes more difficult. If g is odd, let g= 2n+1. Then p= 8n+5. In 


this case if a?*t! = 1(p), the solutionis z= + a™(p). But if a1 = — 1(p), 
the solution isz = + (4n + 2)! y"(p), whereay = 1(p). The last result involves 
a solution of z? = — 1(p) by Wilson’s Theorem. 


If q is even, let g = 2n. Then p= 8n+1. In this case a solution (not 
explicit) may be obtained by the use of Gauss’ “‘ method of exclusion.” ! 


2. Concerning Quadratic Non-residues of p. Let p be a prime of the form 
8n + 1 and let a be a quadratic residue of p. When n is odd it is proposed to 
find explicit expressions for x such that the congruence 2? = a(p) may be satisfied. 


1On these and related points the following may be consulted: Wertheim: Elemente der 
Zahlentheorie, pp. 207-216; Dickson: History of the Theory of Numbers, vol. 1, p. 213; Matthews: 
Theory of Numbers, pp. 53-55; Smith, H. J. S.: Coll. Math. Papers, vol. I, pp. 146-149. 
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In the discussion of this problem much use will be made of a quadratic non- 
residue of p. It is advisable, therefore, to make some preliminary remarks on 
the question of finding a quadratic non-residue. 

Theoretically a primitive root of p answers the question compietely but the 
method of finding a primitive root is usually tedious enough to make the use of 
one of the following truths desirable: 

1. The number 3 is a non-residue of p unless n is divisible by 3. 

For any number n, n = 0, 1, 2 (mod 3); 8n = 0, 2, 1 (mod 3); 8n +1=1, 
0,2 (mod 3). Nowif 8n + 1 bea prime, it is not congruent to 0 (mod 3). Hence 
n = 1 (mod 8) is impossible in the present discussion. If n = 2 (mod 3), p= 2 
(mod 3). Now 2 is a non-residue of 3. Hence p is a non-residue of 3. Since p 
is of the form 4q + 1, 3 is a non-residue of p. But if n = 0 (mod 3), p=1 
(mod 3) and 3 is a residue of p. The truth of the first statement is therefore 
apparent. 

2. The number 5 is a non-residue of p if p ends with the digits 3 or 7. 

For p is then congruent to 3 or 2 (mod 5) each of which is a non-residue of 5. 

3. Any prime factor of the form 4h + 3 of p + 2, where z is an integer, is a 
non-residue of p. 

By hypothesis p = — z* (mod 4h + 3) but 2? is a residue of 4h + 3 while — 1 
is not. Hence p is congruent to a non-residue of 4h + 3 and since p is of the 
form 4q¢ + 1, 4h + 3 is a non-residue of p. 


3. Proof of a Fundamental Lemma. Assuming then foreknowledge of a non- 
residue of p, consider first the following lemma: If two numbers u, v, where 2 is 
prime to p, can be found such that u? — av? = 0(p), then a solution of 2? = a(p) 
can be found. Consider the linear congruence Ap = — u(modv). By hypothe- 
sis, p and v are relatively prime. Hence this congruence is always solvable. 
Suppose Xp is a root and let 


Nop = — ut ww. (1) 
Then wu = ve — Xop. Now by hypothesis u? = av? (p), that is, 
— Wopvx + = av? (p) or va? = (p). 


Now since v is prime to p, this last congruence implies x? = a (p). 


4. Solution of x? = — 1(p). Let & be a non-residue of p. Then by Euler’s 
criterion 
fi" = — 1(p). (2) 
That is, (#")? = — 1(p) or x = &" (p) is a solution of x? = — 1(p) and hence 
x= + (p) (3) 


is the general solution. 


5. Solution of x? = 2(p). From (2) #"+1=0(p). That is, 
+ 1)? — 2(&)? = O(p). 


‘ 
f 
a 
« 
2 


296 A SOLUTION OF THE QUADRATIC CONGRUENCE. (June-July, 


£" is prime to p, for & is less than p. Hence the conditions of the lemma are 
satisfied and u = 1,» = &*. 

Consider equation (1) of the proof of the lemma. It is not really necessary 
actually to find Xo, for (1) may be written: 


— x= — u(p). (4) 
That is, in this case — x = — #"— 1(p). Multiplying by &* and replacing 


&" by — 1, this gives x = &* — #"(p) whichis 2 = — £"(#" — 1)(p) and hence 
the general solution of 2? = 2(p) is 


z= — 1)(p). (5) 
Corollary: x = + 2né"(#" + 1)(p) is the general solution of 2? = n(p). 
(4n)? = 16n? = — 2n(p). Replacing — 1 and 2 by the solutions obtained in 


(3) and (5), (4n)? = — 1)P(p) or (An)? — — 1) = 0(p). 
Now £*" is obviously prime to p. Suppose 2" — 17 &{p). Then &" = 1(p) 
and ¢" = 1(p) which is contrary to the assumption thai é is a non-residue of p. 
Hence £" — 1 is prime to p and the conditions of the lemma are satisfied. Here 
then wu = 4n, = 1) and (4) becomes — £"(¢" — 1)z = — 4n/(p). 
Multiplying by &"(&"-+ 1) and replacing &" by — 1 as before, this gives 
— 22 = — 4né"(2" + 1)(p) or « = 2né"(H" + 1)(p) is a solution and hence 
x = + 2né"(" + 1)(p) is the general solution of 2? = n(p). 


6. General Solution. The above results for — 1, 2 and n are true whether n 
be odd or even but from this point on suppose n is odd and equal to 2k + 1. 

With this condition on n, it is the purpose of the present section to find a 
general solution of 2?= a(p). By Euler’s criterion, a‘**=1(p). That is, 
= 1(p). Then at? = 1 or — 1(p). If a***? = 1(p), = 1 or — 1(p). 

It is convenient to discuss these results under three cases: Case I: a?*+! = 1(p). 
Case II: a*t1 = — 1(p). Case IH: a”? = — 1(p). 

Case I. Suppose a***1 = 1(p). Then a+? = a(p) and 


«= + a**1(p) (6) 


is the general solution of 2? = a(p) in this case. 

Case II. Suppose = — 1(p). Then a*t! = £"(p) and = at"(p). 
Here u = a**!, y = #" and (4) becomes — #"%7 = — a**(p). Multiplying by 
#" gives 

+ (7) 


the general solution in this case. 

Case III. Suppose at? = — 1(p). Then a**?+1=0(p), that is, 
(a*+1 + 1) — 2a?*+1 = O(p). Replacing 2 by a square congruent to it, from (5), 
this may be written: 


+ 1)? — aL — 1) P = 0(p). 
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Here u = + 1, = — 1) and (4) becomes 
— — = — (a***1 + 1)(p). 


Multiplying by a®*+?g8"(¢2" + 1), replacing ¢* by — 1 and a***? by — 1 gives 
Qe = — 4. 1)(q2*t1 + 1)(p). Multiplying now by 4n, the coefficient 
of x becomes congruent to — 1(p) and hence 


= + 1)(a?**! + 1)(p) (8) 


is a solution in this case. 
Two of the powers in this result can be lowered as follows: £"(#" + 1) 
= fn 4+ fin = — En + f(y) which may be written: 


1) = — 1)(p). (9) 


Again, a®*+2(q?*+1 +. 1) = + Now since by hypothesis a“*? = — 1(p), 
4 gikt2 = gikt2 — gktl(p) and 


+ 1) = — 1)(p), (10) 


Substituting in (8) from (9) and (10) gives x = 4né"(#" — 1)a**1(a?*#1 — 1)(p) 
and hence 


+ — — 1)(p) (11) 


is the general solution for this final case. 
Formulas (6), (7) and (11) are therefore the required explicit expressions for 
x in 2? = a(p) when n is odd. 


THE CONTINUITY OF A FUNCTION DEFINED BY A DEFINITE 
INTEGRAL. 


By R. L. JEFFERY, Acadia University, Nova Scotia. 


The function f(z, y) defined on the rectangle a = x = b,c S y S dis bounded 
and an integrable function of x for each y. A function of y is thus defined by 


f f(x, y)\dx = F(y). If it is further assumed that f(z, y) is a continuous function 


of the two variables, or is continuous in y uniformly ! with respect to 2, it is readily 
shown that F(y) is continuous. Theorems to this effect have become the common 
property of the various treatises on analysis.2, W. H. Young® has shown F(y) 


1 This implies that for a given number ¢ > 0 there exists a number 6 > 0 and independent 
of x, such that |f(x, yo) — f(z, y)| < «when |y — yo] < 4. 

2 Osgood: Functionentheorie, p. 167. Goursat-Hedrick: Math. Analysis, vol. I, p. 97. 
Hobson: Theory of Functions of a Real Variable, 1st ed., p. 594. Pierpont: Theory of Functions 
of a Real Variable, vol. I, p. 389. 

’ Monat. fiir Math. und Phys., vol. II, 1910. 
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continuous by merely assuming, in addition to its being bounded and integrable 
in x for each y, that f(x, y) is continuous in y for each x. In the theorem of this 
note, the conditions on f(x, y) are slightly less stringent than those imposed by 
Young. Furthermore, the method used affords a simple illustration of the 
beauty and power of the point set theory. 

THEOREM: Let the bounded function f(x, y) defined onaSxSbeSyed 
be a summable function of x for each y, and a continuous function of y at yo for each 


x except a set E of x-points of zero measure; then F(y) = L i f(a, y)dz is con- 


a 
tinuous at yo (ec = yo =d). Here LS denotes Lebesgue integral. 

Proor. Let > 0 be given; then choose yi, yo, Yn, an arbitrary 
sequence of values of y approaching yo as a limit, and 6), 52, --+ 5,, «++, an infinite 
sequence of positive numbers with zero as a limit. We can assume, with no 
loss of generality, that both limits are approached monotonically. Now consider 
the set of x-points G; for which 


If(x, yo) — f(x, yn)| Se, 


where y, is all points of the above chosen sequence which satisfy the inequality 
lyo— yn| < 4: 

The set G; is measurable. To show this we denote by yn, the first number of 
the y-sequence for which the inequality | yo — yn| < 4; _ and then consider 
the set of x-points S, for which 


\f(a, yo) — f(a, yn,)| Se. 


The functions f(x, yo) and f(x, yn,) are, by hypothesis, both measurable functions 
of x, and from this it readily follows that S; is a measurable set. Similarly if y; 
is the jth number of the y-sequence for which the inequality |yo — yn| < 4; 
holds, the set S; defined in a manner similar to S; is measurable. Continuing 
this process, we get an infinite sequence of measurable sets, S;, S2, --+ Sj, -+:, 
and since each set of the sequence is measurable, D(S;, So, --- S;, ---), the set 
common to all the sets of the sequence is measurable.? But this is clearly the 
set Gj. 

Thus, by means of the chosen sequence, 61, 52, --+ 5;, ---, we have defined an 
infinite sequence of measurable sets, G,, G2, --- G;, «++, and consequently the 
set M(G,, Go, --+ Gi, -++) = G, which consists of all points belonging to any Gi, 
is measurable.* Furthermore, it is readily seen that G contains all the 2-points 
for which f(x, y) is continuous in y at yo; hence mG, the measure of G, is b — a. 
It is also evident that G; contains G;_; (i = 1, 2, ---); hence Jim mG; = mG 4 

oO 


1 From the definition of a measurable function, and the fact that the difference of two measur- 
able functions is a measurable function. 

? Hobson: Theory of Functions of a Real Variable, 2d ed., vol. I, § 131. 

8 Hobson: Jbid., 130. 

*Hobson: 2d ed., vol. I, § 131. 


= 
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= b—a. If we now denote by C(G;) the set complementary to G; on (a, b), 
there exists a value k of 7 sufficiently large to insure that 


mC(G;) < (1) 


With the set G, and the corresponding 6, determined in accordance with 
(1), we next denote the least upper bound and greatest lower bound of f(z, y) 
by M and m respectively, and proceed to show that 


|F(yo) — F(yn)| S e(b — a) — e(M — m) 


when |y¥o — yn| < 5%. To this end let us consider the inequality 


Ge C(Gk) 
Over the set G;, |f(x, yo) — f(x, yn)| S €; hence the first term on the right of 
the above inequality is S e(b — a). Over the set C(G;), |f(x, yo) — f(x, yn)| 
= M—~»; it then follows from (1) that the second term on the right is 
=e«(M—m). The positive number ¢ and the sequence y1, y2, Yn, being 
arbitrary, we can now conclude that F(y) is continuous at yo. 

In conclusion we note that F(y) has been proved continuous in conformity 
with the Heine * sequence definition of continuity. This remark also applies to 
the work of Young. For the general case, the Heine definition is proved equiva- 
lent to that of Cauchy ? only through the medium of the Zermelo axiom.! The 
question then arises: Is it possible, without resorting to the Zermelo axiom, to 
show the special function F(y) defined above continuous in accordance with 
Cauchy’s conception of continuity? One method of attack would be as follows: 
With the 5-sequence chosen as above, define G;’ to be the set of x-points for which 


yo) — f(a,y)| Se 


when |yo — y| < 6;, and then show G;’ measurable. With this accomplished, 
an argument proceeding as in the foregoing * from the point where G; was proved 
measurable would lead to the desired result. As yet, however, I have been 
able to carry through this idea only in the special case where f(x, y) is continuous 
in each variable separately. Then this set G;’ is readily shown to be closed, and 
hence measurable. 

1See Hobson: 2d ed., vol. I, §§ 197, 198, 211, where these points are discussed at length, 


and where references are given to the original articles. 
2 The only difference being that G; is replaced by G,’ and y, by y. 
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QUESTIONS AND DISCUSSIONS. 


Eprrep sy C. F. Gummer, Queen’s University, Kingston, Ont., Canada. 


The department of Questions and Discussions in the MONTHLY is open to all forms of activity 
in collegiate mathematics, including the teaching of mathematics, except for specific problems, 
especially new problems, which are reserved for the separate department of Problems and 
Solutions. 

QUESTIONS. 

In Question 53 Professor H. S. Uhler states a theorem in determinants which 
he has obtained by a long process. He would be glad to see in these columns 
either a reference to where it may be found in the literature or a neat rigorous 
proof. 


53. Let — N denote the bordered symmetrical determinant 


bi Cir Cte j=n 
be Co: Coz Cox| Where Cy,, = ;) = and the a’s belong 
be Cer Ceo Che 
Qi. Giz Gin 
tothe matrixM=[ | J;k=(n —1), rank =k, aj, ; ¥ aj, i. 
*** kn 


Is there a simple proof for the following theorem? WN equals the arithmetical sum of the squares 
of . * 1 ) determinants of order k in every one of which the first column read downward consists 


of bi, be, «++, be and the remaining k — 1 monomial columns constitute collectively one of the com- 
binations of the n columns of the matrix M taken k — 1 at a time. 
DISCUSSIONS. 


I. ConcernING Cusic PoLYNoMIALS. 


By Louis Weisner, University of Rochester. 


To illustrate the importance of finding maximum and minimum points in 
curve tracing, most writers of calculus text-books propose that students trace 
the curve y = 2° + dz?+ ex+f. To avoid needless calculations the coefficients 
are usually chosen so that the abscissas of the maximum and minimum points 
are rational. To further minimize the computations, the coefficients may be 
chosen so that the intercepts on the z-axis are rational. However, I find that 
in the proposed problems of this type with the stated conditions, two of the 
intercepts are usually coincident; that is, the equation may be put in the form 
y = (x — — 5). 

The following problem therefore arises: To determine all triads of distinct 
rational numbers a, b, c, such that the zeros of the derivative of (2—a)(x—b)(a—c) 
are rational. It is desired that the equation 


327 — ab+ac+ be =0 
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have rational roots. This will be the case if, and only if, its discriminant is a 
perfect square; that is, if the equation 


has a rational solution. 
To solve this Diophantine equation, substitute 


= 


p(p + q — 2r) 


Since the Diophantine equation is homogeneous in a, ), ¢, t, let 


— pq — pr— 


Then 


t 


Then 
a= p(p+q-— 2r), 
b= q(p+q-2r), 
py. 


These four equations furnish a three-parameter solution of the Diophantine 
equation. 
If p, g, r are distinct rational aumbers, none of which is half the sum of the 
other two, then a, b, c are distinct; and conversely. The problem is solved. 
The following are exampl<s of cubic polynomials with relatively small integral 
coefficients, having rational zeros, 2nd whose derivatives have rational zeros: 


(x + 1)(@ — 2)(@ — 7), — + 4)(@ + 1), + — 5). 


1 The problem may also be solved as follows. Let m, n be the zeros of the derivative. These 
are connected with the zeros a, b, c of the cubic by the equations 3(m +n) = 2(a+6-+c), 
3mn = ab + ac + be, which are linear in m and a, and readily determine these two quantities 
in terms of b, c, and n, unless b +c = 2n. It follows that b, c, n may be any three rational 
numbers not in arithmetic progression. . 

Since the problem is solved when the ratio (6 — a)/(c — ) is suitably determined, it is 
convenient to assume that b = 0. The equations in m and a then give 


m = c(3n — 2c)/(6n — 3c), a = n(3n — 2c)/(2n —c). 


Now 3n — 2c, 2n — c, n, and ¢ are in arithmetic progression, and may be taken to be any four 
rational quantities in arithmetic progression, a, 8, y, 5. ‘The expressions for m and a then become 
a5/(38) and ay/f. In other words, a, c, m, and n are to be rational multiples of ay, 83, «3/3, 
and By. 

When 6b is not zero, we have instead 


=b+ kay, 
Moreover, it will be found that every admissible case is uniquely obtained by taking for 
a and 8 two mutually prime integers, of which a is negative and 8 is positive, b and k being any 
rational numbers. This enables one easily to pick out the simplest cases. Thus all of Dr. 
Weisner’s examples correspond to a = — 1, 8 = 1, y = 3,8 =5. The next simplest cases are 
obtained from a = — 2,8 = 1, y = 4,6 =7. 


Eprror. 
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II. A Dieir ror NeGative ONE. 


By J. P. Batzanting, Columbia University. 


Mathematical historians will tell you how many years mathematics was held 
back for want of a digit 0. Though not comparing in importance with that 
digit, there is a certain advantage in having a digit to represent negative one. 
For this purpose we will use the digit for 1 inverted: thus I. 

We have as a matter of fact no well-accepted way of writing a negative 
number, except by the ambiguous minus sign which usually denotes subtraction. 
It is no wonder that students do not grasp the logical difference between the 
problem in subtraction 0 — 7 and the number negative seven which we now 
may denote 13. 

In numerical work with logarithms, one runs across such numbers as 9.69897 
— 10. How much simpler to write 19.69897 or 1.69897? It may even be 
written 1.70117. 

The laws of operation of the new digit are easily mastered. In the new 
multiplication table, such entries as I X 7 = 13 are easily memorized. Such 
identities as 13 = 193 = 1993 = 199993 are also obvious. This latter remark is 
of significance in connection with computing machines. It is commonly under- 
stood that a big string of digits 9 extending to the left on the machine is a negative 
number, and is commonly explained by use of the words “complementary 
number.” The whole thing becomes clear immediately if we place I at the 
head of these nines.! 


Ill. On tHe Kinematic CoNsSTRUCTION OF CERTAIN HIGHER PLANE CURVES. 
By R. E. Morrrz, University of Washington. 


1. If a point has simple harmonic motion along a straight line, while at the 
same time the line moves with constant velocity in the direction of the perpen- 
dicular, the locus of the point is a simple harmonic curve. The simple harmonic 
curve is, therefore, the locus of the motion resulting from the composition of 
two simple motions, a simple harmonic motion and a uniform linear motion. 
The equations of these component motions are the parametric equations of the 
resultant simple harmonic curve. Thus, if ¢ is the time, y the distance of the 
point from a fixed point in the line of vibration, a the amplitude and 27/p the 
period of vibration, k the distance of the mean point of vibration from the fixed 


1 Possibly some readers have not tried the somewhat similar experiment of using the digits 
On this plan 3.1415926 becomes 3.1424134, and the negative of this 3.1424134. _ The merchant 
who marks his goods at $9.98 would unfortunately be obliged to make it $10.02. When some 
of the figures at the end of a decimal fraction were omitted, no correction of the last remaining 
figure would now be necessary, though there would be the usual doubt as to what to do when 
the next figure was exactly 5; and indeed numbers ending in 5 could be written in two ways, 
as 25 = 35. This last difficulty could however be remedied, if we also made the slightly revolu- 
tionary change of replacing the decimal scale by that of eleven. 

Epiror. 
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point, and q the uniform velocity of the moving line, the equations of the com- 
ponent motions are 


y=acospt+k (1), (2), 


and these two equations are the parametric equations of the resultant simple 
harmonic curve 


y= + k. (3) 


It is the purpose of this paper to give a brief sketch of the derivation of the 
equations of those curves which result from a composition of the simplest motions, 
—uniform linear motion, uniform rotatory motion, and simple harmonic motion. 
Since these motions may be readily effected and compounded mechanically, the 
curves here considered may all be traced kinematically. In each case the 
equations of the component motions are parametric equations of the resultant 
curve. In the case of the trochoids and cycloids these equations surpass in 
simplicity those in common use. 

2. Let a point move with uniform velocity along a line, while at the same 
time this line moves with a uniform angular velocity about one of its points. 
If & denotes the distance of the initial position of the moving point from this 
fixed point, p and q the linear and angular velocities respectively, the equations 
of the component motions are obviously 


p=pttk (A), (5), 
and these are the parametric equations of conchoids of the Archimedean spiral 
p= rh + k. (6) 


3. Let a point oscillate along a straight line while at the same time this line 
rotates uniformly about one of its fixed points. With the proper meaning 
assigned to the constants, the equations of the component motions are obviously 


p=acospt+k (7), 6=q (8), 


and these are the parametric equations of the resultant cyclic-harmonic curves 


p= a cos’ + k. (9) 
9) includes a number of well-known special curves,—the limagon (p = q), 
the nephroid (2p = q, a = 2k), the double egg curve (p = 29, a = k), the roses 
(p = nq, k = 0, n integral), etc. 


1 Wieleitner goes so far as to say that every curve, no matter how defined, may be described 
kinematically (Spezielle Ebene Kurven, Leipzig, 1908, sect. 72). 
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4. Let a point oscillate in a straight line while at the same time the line 
along which the oscillation takes place itself oscillates in a perpendicular direction. 
The equations of the component motions are obviously 


x =acos (pt+e) (10), y=becosq (11). 
These are the parametric equations of the resultant Lissajou’s curves 
p cos (y/b) = (a/a) — (12) 


(12) includes as special cases the straight line (p = g, ¢€ = 0), the parabola 
(q = 2p, a= b, e = 0), the ellipse (p = g, ¢€ = w/2), a lemniscate (q = 2p, 
a = = 7/4). 

5. Let a point move with uniform velocity along the circumference of a circle, 
while at the same time the center of the circle moves with a constant velocity 
along a straight line. The parametric equations of the component motions are 
obviously 


z’=acospt, y=asinpt (13), (14). 
The parametric equations of the resultant trochoids are therefore 
z=acospt+q, y=asin pt. (15) 


When g < ap the curves are prolate cycloids, 

when g = ap the curves are common cycloids, and 

when gq > ap the curves are curtate cycloids. 

6. Let a point move uniformly along the circumference of a circle, while at 
the same time the center of this circle moves uniformly along the circumference 
of a second circle. If we denote the radius of the first circle by a, that of the 
second circle by b, and the uniform velocities by p and q respectively, the resultant 
angular velocity of the moving point is obviously (p + q)t and the parametric 
equations of the component motions are therefore 


x =acos (p+ q)t, y = asin (p+ (16) 
x” = b cos qt, y”’ = bsin ¢. (17) 


The parametric equations of the resultant epi- and hypotrochoids are therefore 
(18) 


These curves are epitrochoids if p and q have like signs, hypotrochoids if 
p and q have unlike signs. 

If a(p + q) = bq, the curves are epicycloids, if a(p — q) = bg, they are 
hypocycloids. 

7. Aside from their simplicity of form, ease of derivation, and comprehensive 
character, the equations (18) offer the added advantage of extension to epicycles 
of any order. 
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Let a point P move with uniform angular velocity p; on a circle C; with 
radius a, whose center moves with uniform angular velocity p2 on a circle C; 
with radius a2 whose center in turn moves with uniform angular velocity p3 on 
a circle C3 with radius a3, and so on. The parametric equations of the resultant 
motion of P are obviously 

cos (pit pet cos cos (Pp)t, 
y=a, sin (pit pot ++ sin sin (pn)t. 


IV. Notre on THE Four-Lear Rose. B 
By C. H. Cuepmett, Hove, England. 


With reference to “ Geometrical Construc- 
tion of Points on a Four-Leaf Rose,” by H. 
H. Downing, in this Monraty (1924, 340), 
an alternative construction is possible, as in- 
dicated by the dotted lines BO (tangent to 
circle at O) and CPD (perpendicular to OR 
at P). 

For clearly CD = OA = 2a (a constant); 
and the curve can be described as the locus 
of P, the foot of the perpendicular from O on 
a line CD of constant length moving in the legs of the right angle BOA—thus 
dispensing with the rest of the figure. 


0 A 


RECENT PUBLICATIONS. 


Epitep By W. B. Carver, Cornell University, to whom books and communications should be sent. 


REVIEWS. 


Hand-book of Mathematical Statistics. By H. L. Rierz, Editor-in-Chief, H. C. 

CarvER, A. R. CraTHORNE, W. L. Crum, J. W. Giover, E. V. HuntTiInGToN, 

T. L. Kettey, W. M. Persons, A. A. Youne. Boston, Houghton Mifflin 

Co., 1924. viii + 221 pages. Price $4.00. 

This “ Hand-book” was prepared by a group of mathematicians and statis- 
ticians, assisted by an appropriation from the National Research Council. It 
deals with the general problems of the mathematical analysis of statistical data, 
as distinguished from the problems which arise in the collection of the data or 
in the interpretation of the results. In general the method of treatment is, as 
the name hand-book would imply, to present a digest of results under each 
topic, with some discussion of their significance and of the limitations of the 
methods of analysis. While the mathematician will regret the omission of 
proofs, and the practical statistician will wish that more attention might be given 
to showing how these methods tie in with common-sense analysis, there can be 
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no question that the book as it stands has a real value, and will further the 
progress of mathematical statistics. 

Nevertheless, in view of the opportunity and the special fitness of the authors 
for their tasks, the book is somewhat disappointing. Methods based on higher 
mathematics are being found increasingly valuable in business statistics, eco- 
nomics, public health work, and investigation of social and educational problems. 
Many statisticians with little formal mathematical training are much more 
willing than formerly to use mathematical formulas or terminology, and even 
to try to follow mathematical reasoning, if presented so that it seems related to 
their problems and not too complicated. The codperating authors are un- 
questionably leaders in the field of statistics, most of them in mathematical 
statistics. ‘The book seems to the reviewer to fail in many places to meet the 
need as it might have been met by these authors, and therefore, with a view to 
improving the next attempt, this review will be devoted principally to dis- 
tributing brick-bats rather than posies. 

In order to have a fair basis for criticism, let us pause to sum up the virtues 
which ought to be found in a hand-book, and then examine to what extent certain 
individual chapters seem to us to have these virtues. The reviewer expects a 
hand-book to have the following characteristics: 

1. It should include the material which the user is likely to need frequently, 
and exclude material which will be wanted only once or twice in a decade. 

2. It should be written in a way that will be comprehensible to the readers 
for whom it is intended, who are presumably not merely the experts, but also 
those only partially familiar with the points of view and methods of mathematical 
statistics. 

3. It should be authoritative, that is to say, should either settle disputed or 
doubtful points by the considered judgment of experts, such as the group of 
authors, or state the different methods or points of view, if no one is to be 
preferred. 

4. It should be convenient for reference. 

In the opinion of the reviewer, several chapters fall decidedly short under one 
or more of these heads. 

Chapter I, for instance, seems rather beyond the understanding of those 
unfamiliar with mathematics, and it is therefore unfortunate that it is the first 
thing which confronts the reader. The introduction to Chapter II would serve 
excellently as an introduction to the whole book. Chapter I contains certain 
material—elementary discussion of averages, preliminary treatment of proba- 
bility and the normal curve, and other topics which would come in appropriately 
in later chapters; in fact, these later chapters would be strengthened and the 
material would be more convenient for reference if this rearrangement were made. 
The discussion of numerical computation in the first four pages of Chapter I 
might well be omitted entirely, or else expanded enough really to analyze the 
points raised. As presented it hardly seems adequate or authoritative. For 
instance, statements on page three imply that consideration of the maximum 
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possible error is a proper guide in deciding as to the number of significant figures 
to be retained in the sum of a large number of items. The real analysis of this 
question seems to involve an application of the multinomial theorem; it is 
undesirable to suggest a rule which would upset common practice without having 
the matter worked out more carefully. One thing in Chapter I that might well 
be excluded, as needed only once in a decade, is the approximate formulas for 
the Bernoulli numbers for large values of n. 

Chapter V, on random sampling, covers the ground in a fairly satisfactory 
manner. The main criticisms are as follows: 

1. The importance of having the sample really random, in order that these 
theorems may apply, is not emphasized. For a discussion of the great difficulties 
which this requirement produces, in a practical application, the reader may be 
referred to the July 1924 issue of the Journal of the Royal Statistical Society, 
pp. 544-570. 

2. Neither here nor in the first chapter is it brought out that Bernoulli’s 
theorem justifies, if conditions remain substantially unchanged, using observed 
ratios as if they were a priori probabilities, and provides a measure of how safe 
such use is. 

3. It would be well to note that statistical prediction and estimation really 
depend on the assumption that the observed past provides a fair random sample 
of all similar events past and future. As, in the opinion of the reviewer, these 
three points are more important as a basis for applications than anything now 
in Chapters V and VI, it is unfortunate that they were omitted. The difficulty 
is partly due to the inclusion of parts of the theory of probability in Chapter I 
instead of in this chapter. 

Chapter VII, on frequency curves, comes nearer to reducing that subject to 
order than anything else that has been published. It is to be wished, however, 
that the author had introduced his subject more as a continuation of Chapter II, 
with some discussion of the advantages of fitting an equation at all. A person 
might gather from the text as it is that the only scientific way to proceed with 
a frequency distribution is to fit an equation. But unless we are interested in 
completely describing things as they are, or want to smooth an empirical distribu- 
tion in some systematic way, why find an equation? No mention is made of a 
definite relation of the equations to probability except in the case of the normal 
curve. In the opinion of the reviewer, the use of these equations, other than 
that of the normal curve, is an interesting and valuable occupation for a certain 
number of specialists who want to find out how the world wags, but is not a 
necessary part of statistical practice for most people. 

Chapter IX on multiple and partial correlation will seem rather complicated 
to the non-mathematical; the use of the determinant notation will repel. A 
complete statement of the coefficients of regression and multiple correlation for 
the three variable case would have shown that the subject is not really so com- 
plicated. The most unfortunate point in this chapter, however, is the selection 
of the illustrative example. One of the variables expresses merely classification 
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in one of three categories, to which are arbitrarily assigned the values 1, 2, and 3. 
The coefficients are then computed to four (4) significant figures! 

Chapter X, on the correlation of time series, is, like Chapter XII on index 
numbers, written from the point of view of those primarily interested in economics 
rather than mathematics. As an exposition of methods, with a discussion of 
what it is all about, this chapter is superior to most of the others; but there are 
several points to criticize from the scientific standpoint. The discussion of the 
elimination of seasonal variation, for instance, can hardly be considered authori- 
tative; it selects one of the various methods which are actually used and describes 
it as “the” procedure, with only incidental and incomplete discussion of one 
other method. The author does not mention at all the fact that Professor Hart 
has shown that for a certain time series “the’’ procedure explained here leads 
to seriously erroneous results. Where, as in this case, it is still a subject of 
discussion which of several methods is preferable, the proper attitude for a hand- 
book would seem to be either to explain all unexploded methods, or to decide in 
favor of one of them on the basis of proof submitted to the scientific world in this 
book or elsewhere. It is surprising to find in this book statements that “The 
theory of probability does not apply to our data” and that “the specific relation- 
ships between time series are much more adequately set forth by charts than by 
numerical measures.” ‘These statements express exactly the argument of those 
“low brow” statisticians who deny the use of the theory of probability and of 
real mathematical analysis in economic statistics; a good discussion of these 
statements would have been a valuable addition to the hand-book, but that is 
not given here. 

It seems fair to say, then, in general comment on the hand-book, as repre- 
sented by these chapters, that some important points have been omitted or 
inadequately stressed, and that the treatment of others is not authoritative. 
The main criticism, however, is that the book is proving difficult to understand 
outside the circle of mathematical specialists. This difficulty is due in a large 
measure to the neglect of discussion of fundamental principles as compared with 
formulas. The reviewer can not admit that telling what it is all about is outside 
the sphere of mathematics. The practical statistician has justification for 
saying, “ We asked for bread, and you have given us a stone—a whetstone, to 
be sure, with which, if we are resolute enough, we may sharpen our wits, but 
nevertheless, a stone.” 

In spite of the defects noted, the book is a real contribution to the develop- 
ment of mathematical statistics. There are many conspicuous merits in the 
chapters mentioned above and in other chapters. Chapter XII on index num- 
bers, for instance, is both a good introduction to the subject for those of little 
experience and a summary of essential principles which will be valuable to the 
experienced economist or business statistician. Classes in mathematical statis- 
tics will find the book essential, at least as a reference book, and in many cases, 
supplemented by lectures and problems, as the best available text. If a second 
edition, incorporating a thorough revision, can be prepared before very long, it 
will have a wide and continually increasing field of usefulness. 


R. W. BurGess. 
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Lecons d’analyse fonctionelle. By Paut Levy with preface by J. Hapamarp. 

Paris, Gauthier-Villars, 1923. vi-++ 442 pages. Price 35 francs. 

No doubt one of the largest fields in analysis to be opened up during the last 
three decades has come through the discovery that many of the results which 
can be generalized from functions of a single variable, 7.e., a linear space, to 
functions of n variables, or n-space, can also be extended to the function space, 
i.e., the space in which the variable is a function of a continuous variable. The 
impetus for this development came from the study of the linear integral equation, 
with the deduction of its solution from the solution of algebraic equations in n 
variables, the work of Volterra and Fredholm. The influence of the former has 
been potent for further development, and one feels something of his influence 
in the work under discussion, a work which is calculated to open up new vistas 
and possibilities in the field of functionals, 7.e., functions of functions. 

The purpose of the volume as stated in the introduction is to extend to func- 
tion space (1) the elementary results of the differential calculus, (2) the theory 
of partial differential equations, and (3) the theory of multiple integrals. A 
closer examination of the work reveals the fact that the author’s primary interest 
is in the second of these two topics, the theory of partial differential equations in 
function space, and this has influenced to a large extent the choice of material. 
As a consequence, one finds that many matters which one might expect to be 
treated in one of the first two books! on this subject are touched upon only 
lightly, and other matters which may not seem to be of major importance in the 
field of functionals are treated extensively. Such however is the privilege of 
authorship. 

The contents of the book fall, as indicated above, into three parts. In the 
first part, the foundations for the later developments are laid. The range on 
which functionals operate is defined to be that of functions of a single continuous 
variable (as a rule), and the author oscillates between two definitions of distance 
as between functions, one based on the maximum of the absolute value of the 
difference of two functions (which is the more natural definition for continuous 
functions and uniform convergence) and the other, the integral of the square of 
the difference, the latter connected particularly with functions of Lebesgue 
integrable square. 

The major portion of this part is devoted to differentials of functionals of the 
first and higher orders. Differentials involve the notion of linear and multi- 
linear operations, so we find a discussion of the expressions for linear functionals 
in function space. A contrast is made between what is called the logical and the 
practical point of view, the logical point of view being that to which one is led 
if he seeks the general expression for a linear functional on continuous functions, 
while the practical leads to a more special form, a form which is the more con- 
venient from the point of view of the generalizations to be made, since in its 
application to the notion of differentials it gives a ready generalization of partial 


1 A brief treatment of some of the same material is to be found in the Cambridge Colloquium 
Lectures by G. C. Evans on Functionals. 
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derivatives. Whether this limitation is satisfying depends upon the point of 
view. From the point of view of completeness it is to be hoped that it may be 
possible at some future time to treat properties of differentials on the basis of a 
linear functional on continuous functions defined as a Stieltjes integral, instead 
of the integral of the product of an integrable function into the variable function. 

Attention might well be called to the discussion of definitions of differentials. 
There are contrasted the Fréchet definition, in which the differential of a func- 
tional U is linear in the difference function and satisfies the condition 


mas— 0 


where mAf is the distance of Af from the zero function; the definition of Gateaux, 


= ulf + dif) 


and the author’s, which is the Gateaux definition in case the differential is linear 
in 6f. The Gateaux type of definition is frequently encountered in mathematical 
physics, while the Fréchet type is a generalization of one which has shown itself 
to be very elegant and satisfactory for functions of two or more variables. 

The second part of the book is devoted to a discussion of partial differential 
equations in function space. There is considered first of all an equation which is 
a generalization of the total differential equation in n-space. We find here 
integrability conditions similar to those obtained in ordinary space. As an 
application of this theory, the equation of variation of Green’s function which 
was found by Hadamard is considered rather extensively. There is considered 
next a partial differential equation which is the generalization of a system of n 
partial differential equations in 2n independent variables; and in this theory we 
find, for instance, an investigation of characteristics as in ordinary space. By 
way of application, a functional equation which arises from the problem of 
minimizing an area integral is treated. The final chapter of this part is devoted 
to equations which are legitimate generalizations of linear partial differential 
equations of the first order, systems of such, and non-linear partial differential 
equations. It is really very fascinating to see how well the theory of partial 
differential equations of the first order carries over into the functional field. 

The third part of the book has as its object the extension of the theory of the 
solution of the Laplace differential equation to the field of functionals. In order 
to carry this through, it is found desirable to develop in detail a generalization 
of the integration process. Now it turns out that in infinitely many variables 
most volumes are infinite, and so the ordinary processes of integration do not 
carry over. Gateaux had the happy inspiration to note that the integral is very 
closely related to the mean value, and that the mean value over a line, or surface 
or volume, could be carried over to space of infinitely many dimensions. The 
major portion of this part of the book is therefore concerned with the development 
of the mean value integral over a functional field, and the proof that a definition 


j u(f + Af) — u(f) — du(Af) _ 0 
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which is similar to that of the Lebesgue integral gives an existent mean value for 
functions of a large class, the extension of the class of continuous functions, when 
the mean value is taken over the interior of what is the generalization of a sphere. 
There is also a development of the differential geometry type of properties of 
surfaces, surfaces being taken in the functional sense. Much of this work seems 
philosophic in character. It will remain for the future to determine the usefulness 
and applicability thereof. 

There is an enormous amount of material in this volume, and most of it is 
not of an elementary character, although the author has tried to give it an 
elementary tone by introducing a chapter on Lebesgue integration and linear 
integral equations in the first part. In order to follow the author easily in his 
deliberations, it is desirable to have a considerable acquaintance with the litera- 
ture on functionals, and a thorough knowledge of partial differential equations 
of the first order in n-space, as well as a thorough acquaintance with the solution 
of Laplace differential equations. From the point of view of the reviewer the 
author’s style is not lucid; it is not what one usually expects to find in the French 
mathematical presentations, and particularly in most of the books of the Borel 
series of monographs. And there are misprints, some of them rather puzzling. 
But much of the contents of the book is worth making the effort to understand, 
and it is true that it points the way towards much that is of value in the direction 
of new research in the functional field. 

T. H. 


(a) Sidelights on Relativity. By Apert Einstretn. Translated by G. B. 
JEFFERY and W. Perrett. New York, E. P. Dutton and Co. 56 pages. 
Price $1.50. 

(6) The Principle of Relativity with Applications to Physical Science. By A. N. 
WHITEHEAD. Cambridge, The University Press, 1922. xii + 190 pages. 

(a) This is a translation of two lectures given by Einstein, the first “Ether 
and the Theory of Relativity” on May 5, 1920, in Leyden, and the second 
“Geometry and Experience” on January 27, 1921, in Berlin. Both lectures are 
“popular” in the best sense of the word and the book may be recommended to 
anyone seeking to “understand” relativity theory. It is, unfortunately, too 
easy for the mathematician to focus his attention on the tensor theory which is 
after all merely the skeleton upon which the theory of relativity is built, and 
it should not be forgotten that the great contribution made by Einstein is that 
he clothed the skeleton and gave to it the breath of life. Just how it is that tensor 
analysis finds its applications in explaining the external physical world constitutes 
the theory of relativity, and two aspects of this question are ably treated in the 
little book under review. The first lecture deals with the ether which seems, 
at first sight, to lose, by the special relativity theory, the one remaining property 
of matter with which it had been left by the pre-relativists, namely, the property 
of being able to move. The second lecture clearly distinguishes between “ purely 
axiomatic geometry”’ and “ practical geometry.”’ 


| 
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It is interesting after reading these lectures to reflect on the progress which 
has been made in the five-year period which has elapsed since they were delivered. 
We think that most will agree that by far the greatest advances have been along 
the purely mathematical side. Our attention has been directed to a study of the 
articulation and the nature of the bones of the skeleton, and we have not very 
much more to say about how the living being may be expected to operate than 
we had five years ago. However, it seems that we are advancing toward an 
understanding of the connection between the electromagnetic and gravitational 
fields, so that the remark on p. 21 of the book under review “. . . the formal 
nature of the electromagnetic field being as yet in no way determined by that of 
the gravitational ether” may have to be reconsidered. 

(b) Professor Whitehead’s book gives an alternative rendering of the theory 
of relativity. _The tensor skeleton is the same and we may say at once that it 
is as an anatomist that the author most appeals to us. The third part of the 
book, in which an account of the elementary theory of tensors is given, is excellent. 
We may, in particular, mention the emphasis laid on the fact that absolute 
differentiation may be defined with respect to any symmetric covariant tensor 
of the second rank, not necessarily the metrical tensor. Similarly we may speak 
of tensors reciprocal to one another with respect to a given symmetrical covariant 
tensor of the second rank. Once, however, the bearing space has been endowed 
with a metrical quadratic form with respect to which all reciprocation is supposed 
to be performed, any tensor may be presented in a covariant, contravariant, or 
mixed form. No matter what the form of presentation is, it is the same tensor, 
and it seems unfortunate to point so significantly to the dress, thus distracting 
attention from the personality underneath. We would suggest, therefore, the 
phraseology “covariant presentation” of a tensor and soon. Of course when the 
reciprocation is done with respect to some tensor other than the metrical one, 
reciprocal tensors are essentially different and are not merely different presenta- 
tions of the same thing. 

Part 1 of the book is mainly philosophical and we may as well confess at once 
our inability to pass a worthwhile judgment upon it. We are like the mathe- 
matician, to whom the author refers in his prefatory explanations, who advised 
the “cutting out of the philosophy,” and we are therefore able to sympathize 
with the philosopher who advised the “cutting out of the mathematics.” It is 
no doubt a fault of our training, but when we read such a group of sentences as 
“Fact is a relationship of factors. Every factor of fact essentially refers to its 
relationships within fact. Apart from this reference it is not itself” (p. 16), 
we feel like Scott’s covenanter who sat patiently for hours upon hours listening 
to his preacher proceeding from “firstly” to “forty-ninthly” and at the end 
carried away in his heart nothing but a proper humility for his inability to com- 
prehend such learning. 

1Cf.G. Rainich, Proc. Nat. Ac. Sci., vol. 10, pp. 124, 194. Trans. Amer. Math. Soc., vot. 27, 
Jan. 1925. 


? The fact that not only the tensor but also its various presentations are the same in a system 
of “normal coérdinates” is what makes these coédrdinates so useful. 
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Chapter 4 of the book is a reproduction of the lecture delivered at Bryn 
Mawr on April 18, 1922, at the celebration in honor of Professor C. A. Scott. 
It gives an admirable presentation of the nature of Whitehead’s difference with 
Einstein as to how the tensor skeleton has its being and lives in the external 
physical world. In a word, Whitehead’s philosophy leads him to the conclusion 
that the physical space-time continuum is of necessity homogeneous and he 
endows it accordingly with an Euclidean metrical character (involving apparently 
an appeal to the existence of similar figures in addition to the homogeneous 
character of the space). The fundamental law of inertia is then stated in the 
form that the paths of a particle shall be extremals for an integral called the 
“realised impetus along the path.” This integral has for its integrand a com- 
bination of the square root of a quadratic form with a linear form (to take care 
of the gravitational and the electromagnetic fields). In a sense, then, White- 
head considers a geometry of paths, and he is able in this way to give a satis- 
factory explanation of such matters as the motion of Mercury’s perihelion and 
the bending of a ray of light in a gravitational field. Many interesting physical 
applications are given in Part 2 of the book. 

It will be surmised from the foregoing remarks that Whitehead’s and Einstein’s 
theories are like two geometries each self-contained and consistent and each 
capable of being applied to the physical world. Is one theory “better” than the 
other? The answer to this question must rest largely with the individual since 
better merely means more convenient or more pleasing to one’s «esthetic sense. 
To many, the Einstein theory has the stronger appeal since it fixes the inertial 
paths by means of the underlying metrics of the bearing space. Whi’: we freely 
admit that an expounder of the Whitehead point of view is under no logical 
obligation to explain why his inertial paths minimize the impetus integral, we 
suspect that he must secretly ponder over this matter in the privacy of his study. 

F. D. MurNAGHAN. 


Mathematical Principles of Finance. By FreprericK CHARLES Kent. New 
York, McGraw-Hill Book Company, 1924. xii + 253 pages. Price $3.00. 
The special field covered by this text, that of the accumulation and investment 
of funds treated from the point of view of mathematics, has had quite an offering 
of books, including revisions, in the last few years and consequently it is natural 
to ask the why for this book. Certainly not the least important of the reasons 
is that it is offered by a prosperous firm which is ever expanding its technical 
field. The text proper, which is generally well arranged, contains a chapter on 
the Federal farm loan project in addition to the topics customarily treated by a 
book of this character. Also the tables, which are easy on the eyes, offer a wider 
than ordinary range in the interest rates employed, including the three useful 
rates of 7/24, 1/3, and 7/8 of a per cent. 
The pages present a pleasant reaction to the eye because of their open non- 
crowded arrangement. A large number of illustrative examples are worked out. 
On the other hand, the text is marred by unfortunate bits of carelessness, some 
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being due to set-up of the type and to proofreading. Thus the author writes 
1/6 log-1 = — 1.8333 


instead of the much more common forms of 1.8333 or 9.8333-10. There appears 
(p. 46) 

antilog — 1 = 1.99667 
and three lines later 


antilog — 1 = .056409 
from which by subtraction the careless student might deduce 


0 = 1.940261. 


On page 62 is found 
1/i-1/sq 


which has a doubtful meaning to say the least. Similar lack of definiteness 
abounds. In the chapter on life insurance there is used in its customary signifi- 
cance the symbol A, whereas the same symbol rather than the better one Ap 
has been used earlier in a different sense. In Chapter X there occurs as formula 
(80) the expansion by the binomial theorem of (1 + 6)" for n a positive integer, 
including explicitly the last term b". The next sentence is “If n is a negative 
number or a fraction, we may still expand (1 + b)" by formula (80); but in all 
such cases the series will contain an infinite number of terms”! The given 
value of e = 2.7182812--- is incorrect. In the geometric progression 


the all too common error of requiring for convergence that r be a proper fraction 
rather than that — 1 < r < +1 is repeated. In the explanation of permuta- 
tions the word independent is sadly missing. 

Most if not all of these as well as other bits of unfortunate carelessness can 
easily be corrected in the second printing of the book. We feel that such correc- 
tion ought to be made before the careful teacher can put the book into the hands 
of students who are so immature mathematically as to have had only one unit of 
high school algebra, for which class of students the book seems in part to be 
arranged. The inclusion of interpolation by second differences rather than the 
extensive use of logarithms would seem to the reviewer to be a desideratum. 


C. F. Craie. 


ARTICLES IN CURRENT PERIODICALS. 


The lists appearing regularly in the MONTHLY of articles in current periodicals are intended 
to include (1) titles of papers in all mathematical journals published in the United States; (2) 
titles of mathematical papers and reports published by the national and state academies of science 
and in journals devoted to general science; (3) titles of mathematical papers by American authors 
published in foreign journals. 
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PROCEEDINGS OF THE NATIONAL ACADEMY OF SCIENCES, volume 11, no. 2, February, 
1925: ‘On the intersection invariants of a manifold” by J. W. Alexander, 143-146; “The rotating 
disc” by P. Franklin, 147-149; “Transitive groups involving direct products of lower degree” 
by G. A. Miller, 150-152. 

SCHOOL SCIENCE AND MATHEMATICS, volume 25, no. 3, March, 1925: ‘Algebra in the 
junior high school” by E.'C. Hinkle, 271-286; “The mathematics involved in solving high school 
physics problems” by G. W. Reagan, 292-298. 


PROBLEMS AND SOLUTIONS. 


Eprrep sy B. F. Orro DunxeEL, H. L. Otson. 


Send all communications about Problems and Solutions to B. F. FINKEL, Springfield, Mo. 
All manuscripts should be typewritten, with double spacing and with a margin at least one inch 
wide on the left. 
PROBLEMS FOR SOLUTION. 


[N.B. Problems containing results believed to be new, or extensions of old results are espe- 
cially sought. The editorial work would be greatly facilitated if, on sending in problems, pro- 
posers would also enclose any solutions or information that will assist the editors in checking the 
statements. In general, problems in well-known textbooks, or results found in readily accessible 
sources, will not be proposed as problems for solution in the Monruiy. In so far as possible, 
however, the editors will be glad to assist members of the Association with their difficulties in the 
solution of such problems. ] 


3140. Proposed by C. C. MACDUFFEE, Ohio State University. 


Let f be any algebraic form of total degree m > 1 in n variables, and H(f) its Hessian. 
Let ¢ be any analytic function. Prove that ‘ 


= HY): | +5" (52) 
In particular when ¢(f) is ft, we have Mrs. Ballantine’s generalization of Problem 2908 
proposed by Professor Dickson [1921, 326; 1923, 41]. 
Again, when ¢(f) = log f, we have : 
H(f) = (1 — m)fH[log f], 


which is a generalization of Exercise 22 of Sir Thomas Muir’s “ Budget of Exercises on Determinants” 
printed in this Montuty [1922, 10]. 


3141. Proposed by JOHN BIGGERSTAFF, University of Washington. 
Prove that the domain Q(N) is identical with the domain Q(a), N being primitive in Q(a). 


3142. Proposed by HARRY LANGMAN, New York City. 
Cut a rectangle 1 x 2 into three pieces which will fit into a Maltese cross. 


3143. Proposed by EDWARD CONDON, University of California. 


Prove that 
sin (n — _ 1 1 1 
sinna 2cosa—2 cosa —2 cosa — 


in which the continued fraction terminates when 2 cos a has appeared n — 1 times. Prove also 
the corresponding formula for the hyperbolic sines and cosines. 
UNSOLVED PROBLEMS. 


There is now a somewhat large accumulation of unsolved problems. Below 
a few of these are reprinted and others will appear in later issues. Readers are 
urged to solve these and send in their solutions. 


i 


316 PROBLEMS AND SOLUTIONS. (June-July, 


2662 [1918, 19]. Proposed by JOHN LOUKE, New York City. 


Assume that we have two piles of gold bars. The dimensions of the bars in the first pile 
are 2.643 X 5.286 X 10.573 and the dimensions of the bars in the second are 2.13 X 6.53 X 10.573. 
If possible, arrange the bars from the first pile and from the second pile so as to form perfect 
cubes, the bars from the piles to be taken separately or in combination. 


2706 [1918, 216]. Proposed by H. F. MACNEISH, New York City. 


Through a given point draw a straight line cutting a given straight line and a given circle, 
such that the part of the line between the given point and the given lige may be equal to the 
part within the given circle. 


2717 (1918, 260]. Proposed by E. W. WITMER, Sophomore in Franklin and Marshall College. 


Determine the integral values of m and n for which the equation zt + mz*y? + nyt = 2 
has non-trivial solutions [Carmichael, Diophantine Analysis, Prob. 13, p. 53]. 


2720 (1918, 302). Proposed by A. A. BENNETT, Austin, Texas. 


Given three points A, B, C, in a plane, draw from an arbitrary fourth point D the segments 
AD, BD, CD. Also draw rays AA’, BB’, CC’ making equal (small) angles respectively with 
segments AD, BD, CD. The triangle determined by the three rays does or does not contain the 
point D according as the original triangle ABC does or does not contain D. 

Prove the theorem, considering also the case in which A, B, C, D are concyclic. 


SOLUTIONS. 


3101 [1924, 498]. Proposed by R. E. GAINES, University of Richmond, Va. 


A variable conic passes through four fixed points. Show that the locus of its center is a 
conic. Determine the arrangement of the four points so that this locus shall be a circle and 
discuss the result. This problem is treated in texts on projective geometry, but a simple analytical 
treatment is desired. 


I. SoLtution By Euisan Swirt, University of Vermont. 


Abbreviate the equation 
+ 2Byry + + 2Diz + + Fi = 0 


by letting Z, stand for the left-hand member, so that we may write the equation as L; = 0. 
Then the codrdinates of the center of this conic will satisfy the equations dL,/ar = 0 and 
aL,/dy = 0, where we note that the left-hand member of each of these equations is a polynomial 
of the first degree in z and y. 

If the pencil of conics passing through the four given points has the equation LZ; + AL2 = 0, 
where ) is a variable parameter, then the codrdinates of the center of any one of the pencil will 
satisfy the equations 


ox 


oy 


for the appropriate value of \. Hence we get the equation of the locus of the center by eliminating 
». Since the above equations are linear in x and y and also in 4, the result of the elimination 
is an equation of the second degree, which represents a conic. This shows that the center of any 
conic of the pencil lies on this (locus) conic. Conversely, if we take any point on the (locus) 
conic, it will be the center of a conic of the pencil; for the result of the elimination may be written 


Ox ox Oy oy oy Ox 
Take a point on this curve. If its coérdinates satisfy both dL2/ar = 0 and dL2/dy = 0, it is the 
center of Lz = 0; if not, then we can determine \ so that the codrdinates satisfy one of the equa- 


tions (A) or (B) above, and since they satisfy (C), they must satisfy the other of (A) and (B) also 
and are consequently the codrdinates of the center of a conic of the pencil. 


= 0, (A) and = 0, (B), 


= 0. (C) 
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To find the conditions that the locus be a circle, we need to write out the equation of the 
locus. It is 


(Ait + Bry + (Bot + Cry + — (Bit + Cry + Fi) (Axe + By + D2) = 0. (D) 


(We can see here directly that this will be of the second degree unless A; : B; : Ci = Az: Bz: C2). 
For this to be the equation of a circle it is necessary that 


A,B, = B,C; = 
and 

+ BB, = + CiA:. 
These equations may be written 

B:(Ai + Ci) = Bi(Az + C2), 

A2(Ai + C1) Ai(A2 + C2), 

+ Ci) = Ci(Az2 + C2). 


But from these it follows at once that either A; + = 0 and A: +C: =0 or else that 
A,:B,:C; = A2:Bz:Cs:. But in the second case the two conics either would be identical or 
would not have four points in common, as we assumed. The first case is the condition that L; 
and Lz, and consequently all conics of the pencil, be equilateral hyperbolas. Substituting in 
(D), we see that this condition is sufficient. The circle will obviously be real, as each hyperbola 
has a real center. 

It remains to investigate the position of the four points. The degenerate conics through the 
four points must be pairs of perpendicular lines. (This follows analytically from the fact that the 
equation of any one of them has A + C = 0.) Taking one of these as our axes, we find that the 
points must have codrdinates (x1, 0), (x2, 0), (0, y:), (0, y2), where r1%2 = — yi1y2. This may be 
interpreted geometrically to mean that if we pass a circle through three of the four points A, B, 
C, this circle will cut one of the axes in a fourth point, Z, so that OF = DO and D and E£ lie on the 
same axis. Another way of making the statement is that if we draw a line through any two of 
the four points A, B, C, D, and a second line through the other two, the lines will be perpendicular. 
In other words, any one of these points is the orthocenter of the triangle formed by the other three. 


II. SoLuTION BY THE PROPOSER. 


Let the four fixed points be A, B, C, D, no three of which lie on a straight line. The three 
pairs of lines through these points are the degenerate conics of the system and the locus passes 
through the intersection of each pair. There must be at least one pair intersecting in a finite 
point; let such a pair be OAC and OBD. Using these two lines as axes the equation of any curve 
of the system may be written 


where abed + 0. Eliminating \ from the two linear equations which give the center, we find as 
the locus of that center the conic 


@) 


This equation shows that the conic passes through four of the intersections of the four lines 
obtained by equating each of the four parentheses to zero. These points are easily found to be 
I and J, the mid-points of AB and CD, O and the intersection, M, of ABandCD. We could have 
used the pair of lines AD and BC in place of AB and CD for writing the system of conics; also 
we could have chosen any one of the two other pairs of lines for axes provided that they meet in 
a finite point. In this way, or by direct verification, it follows that (2) also passes through K, 
H, R, S, the mid-points of BD, AC, BC, AD, and N the intersection of BC and AD. The locus 
is the eleven-point conic of the line at infinity; nine of the points have been found above and the 
other two are the double points of the involution determined by (1) on the line at infinity. 

A figure shows that the six mid-points form three parallelograms with sides parallel, respec- 
tively, to AC and BD, AD and BC, AB and CD. The center of (2) is the common point of the 
diagonals of these parallelograms. The necessary and sufficient condition that (2) is a circle is 


] 
) 
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that each of the last three pairs of lines are perpendicular. From this follows that the axes are 
rectangular and then that ac + bd = 0. By use of this last relation the terms of the second 
degree in (1) may be reduced to the form x? — y* + kry; and this shows that (1) represents now 
a system of rectangular hyperbolas. Any three of the given four points form a triangle with 
the fourth point as its orthocenter, and it has been shown above that the circle passes through 
nine points of the triangle. The circle is the nine-point circle for any one of the four triangles. 


Also solved by Nina M. ALpErRTON and E. F. ALLEN. 


3102 [1924, 498]. Proposed by BR. E. GAINES, University of Richmond, Va. 


For the cardioid, p = 1 + cos @, (a) find the maximum chord; (6) find the maximum chord 
paraiiel to the axis. 


I. Sotution By Sripney ZaBaro, California Inst. of Technology. 


(a) If (p1, 61) and (p2, 62) are two points on the cardioid, the distance 1 between them is 
given by 
P = pi? + ps? — 2pip2 cos (0; — 62). (1) 
Setting the derivatives of /? with respect to 0; and 62 to zero, there result the two necessary 
conditions 
pi Sin 6; — p2 sin 6; cos (6; — 92) — pipe sin (0; — 62) = 0, (2) 
p2 sin 62 — pi sin 62 Cos (0; - 62) + Pip2 sin (0; - 62) = 0, (3) 
The addition of these two equations and certain simple reductions give the result 


(cos 62 — cos @;) sin (6; — 62) = 0. (4) 
From this follows that either 
6: — 62 = 0; or 6, — 02 = or 6, + 0 = 0. (5) 


The first gives obviously a minimum; the second taken with (2) gives the two angles 0 and x 
for which the value of J is 2. The curve shows that this is also a minimum. The third with 
(2) gives 

2 sin 6,(1 + cos 6,)(2 cos? 6; + cos 6; — 1) = 0. 


The first two factors give 6: = 62 = 0 and 6, = — 6: = z, which again yield minima. The 
third factor gives cos 0; = — land cos@, = 4%. The first of these has already been treated. 
Since there is obviously a maximum, the last result must give it. Hence the maximum chord is 
given by 6: = — 62 = 2/3, and then 1 = 33/2 = 2.598. 

(b) Here we have the two equations 


l= pi COS 0; — p2 COS 02, Pl sin 6: = pe sin 02. (1) 


From these we obtain after certain reductions 


2 ove (0; — 02) 
2 2 


The first two factors in (2) give the angles 0 and = corresponding to a minimum. The third 
gives 6: — 6: = 0 (minimum), and 6; — 62 = 27/3 [this is equivalent to 0: — 02 = 4x/3]. 
The second equation in (1) reduces to 


0; — + 
5 [ cos 5 


2 sin + cos (0, + 62) cos 1 5 =| = 0. 


Inserting in this equation 6; — 02 = 27/3, there results 


0: + + 62 
2 


2 cos?—5— + 2 cos -1=0. 


| 
| 
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The only admissible root is 
0s = (v3 — 1)/2, 


or 0; + 62 = 137° 4’, considering only the upper half of the figure. Hence @, = 128° 32’, 
6, = 8° 32’. The value of | for the maximum chord reduces to 


V6N3 _ 999, 


II. SoLUTION BY THE PROPOSER. 


If any one of a set of parallel chords has a maximum length, then the tangents to the curve 
at its extremities are parallel. If 7 is the angle which the tangent at any point of the cardioid 
makes with the positive direction of the axis, then 


(1) 


This result may be easily obtained geometrically by considering the curve as generated by a 
circle rolling upon an equal circle of radius 144. If 6; and @2 give the maximum chord for any set, 
then 


4a 
(2) 
The length of the chord is then given in either case by 
R= pi? + + pipe. (3) 
By the use of (2) the equation (3) reduces after a trigonometric reduction to 
_ 15 6: + 
+3 cos (4) 


where the upper sign is for the first case and the lower sign for the second in (2). In either case 
the maximum value is 1 = 33/2. In the first case 6, = 420°, 62 = 300°, and in the second 
6; = 300°, 62 = 60°. The position of the chord is the same in both, i.e., perpendicular to the axis, 

For (b) we consider the upper half of the curve; and hence we have the first equation in (2), 
the equation (4) with the + sign, and the additional equation 


sin 6,(1 + cos 61) — sin 62(1 + cos 62) = 0. 
This equation reduces by aid of (2) to 
2 cost +2 cos 


cos ( = (v3 — 1)/2 


1 = 0. 
Hence 


and then from (4) 


V9 + 6x3 


l= 5) 


= 2.2018. 


The values of @; and 62 are easily computed from the equations above. 


3104 [1924, 499]. Proposed by OTTO DUNKEL, Washington University. 


__ If f(z) is a single-valued and continuous function of z in the interval a = z = b which is not 
identically zero and which satisfies the inequality 0 <f(z) = M, show that 


[ | [ cos x dz | [ sin az | a)4/12. 
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SOLUTION AND GENERALIZATION BY A. A. BENNETT, University of Texas. 


This interesting problem suggests the following rather extensive generalization. Except 
for the added weight of notation, this more general problem is here solved with only minor 
additional complications. 

Hyporuesis. Consider a space of n non-homogeneous codrdinates (x1, 22, +++, Zn), and 
consider a continuously turning curve located at finite distance in this space. Instead of the 
familiar ds as differential of arc, we may take ¢ as parameter, where Q(dz;) = (dt), Q denoting 
a non-singular positive definite quadratic form in the n arguments. Thus 2;(é), re(t), «++, tn(t) 
are the coérdinates of an arbitrary (differentiable) curve, and are one-valued functions of ¢ for 
all real finite values of ¢, and are such that Q(z;") = 1 for all points on the curve. We shall also 
assume that the first four derivatives of each 2;(¢) exist and arc continuous. We shall utilize 
the function Q also in a second sense. Indeed Q(y;) = 1 represents a closed non-singular quadric 
surface, symmetrical about the origin. By a suitable transformation, Q could be reduced to a 
sum of squares but we shall find it practicable to carry through the work in the more general 
form. We shall now restrict our curve to be one lying on this quadric surface. Let x;’ be denoted 
also by u;. Let. B(y:, 2;) denote the symmetric bilinear form which reduces to Q(z;) for y: = 2, 
z; = 2;. A final condition that we impose upon the curve which is the locus of the 2’s is that 
B[a;**(t), 2;(a)] regarded as a function of ¢ shall have an absolute maximum for ¢ = a, where 
x(t) is the fourth derivative with respect to ¢. Let H(f, g) stand for the expression 


so that H(f, f) represents 


where f and g are continuous, non-negative and not identically zero, real one-valued functions 
of such that 0 = f(t) = M, 0 = g(t) =M, M being a fixed positive constant. 

TuHeorEM. 0<H(f, Also more obviously H(f, f)=M?*(b—a)?, 
which for large values of b — a is ordinarily the more stringent condition. 

Exampte. The conditions are clearly satisfied by the special case stated in the problem, 
where Q(2;) is 2:2 + x2*, and where x; = sin t, = cost. Here B(y;, 2;) is merely + y222, 
and B[z;'"(t), 2z;(a)] becomes sin ¢ sin a + cost cosa = cos (¢ — a), which has an absolute 
maximum at i = a. 

Proor. We shall approximate the expression H(f, g) by replacing each integral by its 
approximate value as a finite sum. Let the interval a to b be divided into equal sub-intervals 
and let f(t) in a representative sub-interval be represented by f,, and g(t) by gs. Similarly «;(t) 
at the same point as f, will be denoted by u;,, and u;(¢) at the same point as g, by ujs. We have, 
omitting mention of the common length of the equal sub-intervals, the following sum: 


or utilizing the bilinear homogeneous character of B, 
Since B(u;, uj) = Q(u;) = 1, and B is symmetrical, we may write this last expression as 
Ujr) — B(uir, Ujs.) — B(uis, Ujr) + B(uis, Uj.) ] 

$2 — Wis, Ujr — Ujs) = — Vie). 
Since f and g are continuous, non-negative and not identically zero, there is at least one pair of 
distinct subscripts, r, s, for which both f, and g, are positive. Then the product f,g, is positive, 
and since Q is positive definite, and uj, + wis, we conclude that for this term f,g.Q(uir — uss) > 0. 
Thus passing to the limit, we have 

H(f, 9) > 0. 

Now we have also that 

Hf +9,f+9) = H(f,f) + 2H, 9) + H(9, 9), 
owing to the additive character of integration and the bilinear character of B. 


or 
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Suppose that f be different from the upper bound M. Then M — f is a possible choice for 
the function g. Thus since H(f, g) > 0 and H(g, g) > 0, it follows that H(M, M) > H{(/, f). 
Thus the maximum value of H(f, f) is attained when f coincides with the upper bound M. Thus 
we have that 


0 f) = H(M, M) = MH (1, 1). 


Let us obtain an expression for this upper bound H(1, 1) also expressible as (6 — a)? 
— Q[2i(b) — zi(a)]. We shall write b = a +r, and expand 
Q[zi(a +r) — = +r) — 2:2), +r) — 

in powers of r to four terms. We may readily derive in succession the following relations which 
are identities in ¢: 

Blai(), 2;(t)] =1, 

] = 0, 

(0), + = 0, 

Bla,’ (0), = Blu), uO] = 1, 

2;'(t)] = 0, 

(), + Bla’, 2,0] = 9, 

2;(t)] 1, 

Bla’ (t), + = 0, 

(0), 2;(t)] = 0, 

Bla"), 24()] = = 
Now dQ[ai(a + r) — = 2B[z,’'(a + +r) — 2;(a)] = + 1), + 
— 2B[z/(a+r), 2;(a2)] = — 2z;(a)]. Hence d*Qfa(a+ r) — 2;(a)]/dr* 
= — 2B[z;(a +r), z;(a)], fork =1. Expanding, we have forr = 0, Q = 0, Q’ = 0, Q” = 2, 
Q’’ = 0. Thus the finite expansion of H(1, 1), =r? — Q[z(a +1) — 2z;(a)] reduces to 
2B[x;*(a + Jr4/4! S 2B[a;'"(a), 4/4! = 4/12, where is a mean value 
of r. This suffices to establish the theorem. 


Also solved by L. V. RoBrnson. 

3105 [1924, 499]. Proposed by W. A. GRANVILLE, Chicago, Illinois. 

Find the length of the are of the cissoid p = 2a tan @ sin 0, from @ = 0 to @ = x/4. 
SoLuTion By J. S. GrorGEs, University of Chicago. 


The formula for the length of the arc gives 


S= 2a (4 + tan? tan do = 2a ay, y = sec 0, 
= 2a[ v5 — 2 — vB log (v3 + V5)(2 + V3)/12]. 


Also solved by S. F. Biss, J. A. Buttarp, A. G. Cirarx, W. H. Hr11, G. A. 
Lyte, E. I. Watson, W. W. Wattace, and T. O. Watton. 


3107 [1925, 46]. Proposed by A. S. WIENER, Brooklyn, New York. 


A certain city is divided into rectangular blocks by two systems of parallel streets, one system 
running north and south. A man standing at the intersection of two streets wishes to reach the 
ae See of two other streets m blocks north and n blocks east. In how many ways can he 

0 so? 

Also what is the probability that he will pass the corner which is 7 blocks north and j blocks 

east (¢ =m, j =n), assuming that he is just as likely to take one route as another? 
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SotuTion BY W. A. Jenkins, University of Michigan. 


Let f(m, n) be the number of ways a man can travel from one intersection to another inter- 
section m blocks north and n blocks east. Lest this be infinite, we must assume that at no time 
does the man proceed southward or westward. Then, if either argument is negative, we set 
S(m, n) = 0; also if one argument is zero and the other is not negative, f(m,n) =1. This function 


satisfies the law 
f(m, n) = f(m 1, n) + f(m, 1). 
Developing f(m — 1, n) and f(m, n — 1) by the above law, we find 
S(m, n) = f(m — 2, n) + 2f(m — 1, n — 1) +f(m, n — 2). 
Developing again each term on the right, we obtain another similar result with binomial coeffi- 
cients; and continuing in this way we have 


Now set k = m + n, then in the general term on the right, f(— n + s, n — s), one argument is 
negative and the term drops out unless s = n. Hence 


n) = = 


The probability is therefore 


LG, Df(m —i,n _ Mm +n 
n) alg! (m — i)! (n —j)! (m+n)! 


Also solved by A. G. CLark and H. O. Hanson. 


NOTES AND NEWS. 


Readers are invited to contribute to the general interest of this department by sending items 
to R. W. BURGESS, c/o Western Electric Co., 195 Broadway, New York City. 


At Brown University, Assistant Professor R. W. Buraess has resigned and 
will continue the work with the general statistical department of the Western 
Electric Company which he has been doing during the current year while on 
leave of absence. Dr. C. R. Apams has been promoted to an assistant professor- 
ship of mathematics. 


F. S. Batpwin, one of the pioneers in the development of the calculating 
machine, died at Morristown, N. Y., on April 8th at the age of 87. Possessing 
a thorough knowledge of mathematics and gifted with unusual inventive ability, 
he was almost continuously engaged in perfecting machines for calculation from 
1870 until within a few years of his death. In 1875 he patented the first practical 
reversible-cycle calculator. In 1911, in coéperation with Mr. J. R. Monroe, 
the Monroe calculating machine was developed. 


At Harvard University, Dr. H. W. BRINKMANN has been appointed instructor 
and member of the faculty. Professor E. T. BELL, of the University of Wash- 
ington, has been appointed visiting lecturer, and Dr. L. M. Graves, now National 
Research Fellow, instructor, for the first half-year. Mr. B. O. Koopman has 


we 
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been appointed Benjamin Peirce instructor, and Mr. H. L. GaraBepran, Mr. 
H. B. Hammatt, Mr. W. A. Jenkins, Mr. Matcotm MacCuaren, Jr., Mr. 
Morris Marpen, Mr. F. W. Perkins, Mr. H. P. Stasier, and Mr. D. E. 
WuitTForD instructors, for the year 1925-1926. 


Through the benefaction of Ropert FLETCHER RoGeErs, an alumnus, two 
prizes were recently established at Harvard University for the best papers pre- 
sented before the Mathematical Club during the year. Thus far, the winners 
have been: 1921-22, H. W. BrinkKMANN (first prize), M. H. Stone (second prize); 
1922-23, B. O. Koopman, J. L. Hotuey; 1923-24, D. V. Wipper, F. W. Perkins; 
1924-25, Morris Marpen, M. S. Demos. 


Mr. E. T. FRANKEL, formerly statistician and secretary to the chairman, The 
Celluloid Company, has opened an office in New York City as a consulting busi- 
ness mathematician. 


Assistant Professor A. D. CAMPBELL, of the University of Arkansas, has 
been promoted to an associate professorship of mathematics. 


At the University of Wyoming, Associate Professor H. C. Gossarp has been 
promoted to a full professorship, Assistant Professor O. H. Recuarp has been 
promoted to an associate professorship, and Miss Greta NEUBAUR has been 
appointed instructor. 


Miss Ortve C. Haziett, of Mount Holyoke College, has been appointed an 
assistant professor of mathematics at the University of Illinois. 


At Oberlin College Associate Professor Mary Emity Srnciarr has been 
promoted to a full professorship, and Assistant Professors F. E. Carr and C. H. 
YEATON to associate professorships. Professor Sinclair has also been voted a 
leave of absence for the year 1925-26 and will study at the University of Rome. 


At the University of Minnesota, Associate Professor W. L. Hart has been 
promoted to the rank of professor, and Miss GLapys G1BBENs from the rank of 
instructor to that of assistant professor. 


At Harvard University, Professor J. L. WatsH has been granted leave of 
absence for the academic year 1925-26, and Professor G. D. Brrxuorr for the 
second semester. Professor Birkhoff recently delivered a popular lecture on 
relativity at Indiana University under the auspices of the local chapter of 
Sigma Xi. 

Professor A. A. BENNETT, of the University of Texas, has been appointed 
professor and head of the department of mathematics at Lehigh University. 


At Teachers College, Columbia University, Professor D. E. Smrrx will retire 
at the end of the first semester, 1925-26. Dr. W. D. REEVE has been appointed 
associate professor. 


Dr. Henry BLUMBERG, of the University of Illinois, has been appointed pro- 
fessor of mathematics at Ohio State University. 
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Professor J. V. DEPortE, of the New York State Teachers College, Albany, 
N. Y., has been appointed director of the division of vital statistics of the New 
York State Department of Health. 


Professor S. LerscHetz, of the University of Kansas, has been appointed 
associate professor of mathematics at Princeton University. 


Professor J. N. Micute, of the University of Texas, has been appointed head 
of the department of mathematics at Texas Technology College. 


Associate Professor W. L. Miser, of the Armour Institute of Technology, has. 
been appointed professor of mathematics at Vanderbilt University. 


Professor F. B. Witey, of Denison University, served as acting head of the 
department of mathematics at Roberts College, Constantinople, for the academic 
year 1924-25. 


Assistant Professor I. T. Witson, of the United States Naval Academy, has 
been promoted to an associate professorship. ; 


The following appointments to instructorships are announced: Columbia 
University, Mr. H. C. Lreper; Case School of Applied Science, Mr. P. D. 
WILKINS. 


Dr. D. J. McApam, professor emeritus of mathematics at Washington and 
Jefferson College, died February 15, 1925, at the age of eighty-two. 


S. E. Rosperts, formerly professor of mathematics at the University of the 
Philippines, died March 9, 1925, at the age of forty-seven. 


Professor C. E. Srromquist, of the University of Wyoming, a charter member 
of this Association, died on April 3, 1925, after three years of ill health. 


Number 1-2 of Volume I of the Japanese Journal of Mathematics has been 
received by the library of the Association. This quarterly journal is published 
by the National Research Council of Japan, Department of Education at Tokyo, 
Baron K. Furuicui, President. The initial issues contain sixteen shorter papers 
(“transactions”) and twenty-five abstracts, chiefly by Japanese mathematicians. 
This is to be recorded as a notable advance in the development of Japanese 
mathematics. 


The Mathematical Association of America wishes again to call the attention 
of all its members to the working arrangement between the Association and the 
Annals of Mathematics by which, in return for a certain subsidy contribution from 
the Association, the Annals has extended the size of its volume to include approxi- 
mately one hundred pages of expositional articles and at the same time has made 
the special subscription rate to individual members of the Association of one half 
the regular price. A goodly number of Association members have already taken 
advantage of this reduced rate, but it is felt that a much larger number would 
probably do so if their attention were sufficiently arrested. 


9 
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In this connection it is pertinent to mention the fact that one expository 
article of nearly one hundred pages on “ Differential equations from the group 
standpoint” by Professor L. E. Dickson, which appeared in the last issue of the 
Annals, occupying the entire number, is on sale in the form of reprints at a price 
equal to two thirds the special price of a whole year’s subscription to the Annals. 
This fact will emphasize the desirability of having the Annals regularly at hand. 
Some of the many other expository articles which have appeared in the Annals 
under this agreement, reprints of which are obtainable, are: 

“The Gamma function in the integral calculus,” by T. H. Gronwauu. 89 

pages. Price 90 cents. 

“An elementary exposition of the Gamma function,” by J. L. W. V. JENSEN, 

translated by T. H. GRoNWALL. 43 pages. Price 50 cents. 

“Fermat’s last theorem and the origin and nature of algebraic numbers,” 

by L. E. Dickson. 27 pages. Price 35 cents. 

“ An introduction to the theory of elliptic functions,” by G. Mirrac-LEFFLER. 

81 pages. Price 90 cents. 

This is sufficient to emphasize the rare opportunity open to Association 

members by becoming subscribers to the Annals at $1.50 per year. 


Reprints of the article on BENJAMIN PEIRCE are now ready for distribution. 
They comprise a biographical sketch and bibliography by R. C. ArcHrBaLp 
and reminiscences by CHARLES W. Exiot, A. LawrRENCcE LowELL, W. E. BYERLy, 
and Arnotp B. Cuace, together with five portrait half-tones of Peirce repre- 
senting him at various dates from 1845 to 1879. This brochure covers forty 
pages and may be secured in paper covers from Secretary Carrns at 75 cents 
(50 cents to members), or in board covers suited to library purposes at $1.00 
per copy from the Open Court Publishing Company, 122 South Michigan Avenue, 
Chicago, IIl. 


The Tutrp Pan-AMERICAN SCIENTIFIC CONGRESS was held in Lima, Peru, 
from December 20, 1924, to January 6, 1925, immediately following the elaborate 
celebration of the hundredth anniversary of the Battle of Ayacucho (by which 
the independence of the Latin-American republics was finally secured from 
Spain). 

All the republics in the western hemisphere were represented (except Chile), 
138 members coming from Peru and 131 from foreign countries, including 30 
from the United States, 25 from Argentina, 15 from Cuba, 9 from Venezuela, 
8 from Colombia, 7 from Uruguay, 6 from Brazil, 5 from Ecuador, 5 from Mexico, 
etc. Of the thirty delegates from the United States, ten were official representa- 
tives of the United States Government, under the chairmanship of Dr. L. S. 
Rowe, Director-General of the Pan-American Union in Washington, and Hon- 
orary President of the Congress. 

At the impressive opening ceremony, the Congress was formally welcomed by 
President Leauta of the Peruvian Republic and Dr. SaLam6n, Minister of Foreign 
Affairs, and throughout the two and a half weeks of its sessions it was enter- 
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tained with the most lavish hospitality by the government of Peru, the American 
Embassy, the University of San Marcos, and the people of Lima. 

On the scientific side, the Congress was divided into nine sections, as follows: 
(1) Anthropology and History. (2) Physical and Mathematical Sciences (in- 
cluding Geology and Geography). (3) Mining and Metallurgy. (4) Engineer- 
ing. (5) Medicine and Sanitation. (6) Biology and Agriculture. (7) Law. 
(8) Economics and Sociology. (9) Education. 

The subject of Pure Mathematics was assigned to Subsection 1 under Section 
2. This subsection held one meeting for the reading of papers (December 28), 
at which about fifteen members were present, and the following three papers 
were read: 

“ Conjugate ordinates and their geometrical applications,” by Dr. FLoRENcIo 
D. Jaime, President of the recently organized Argentinian Mathematical Society, 
and delegate from the Ministry of Public Instruction of Argentina. 

“Elementary types of order,” by Dr. E. V. HuntinaTon, vice-president of the 
American Mathematical Society, and delegate from the American Mathematical 
Society, the Mathematical Association of America, and the American Academy 
of Arts and Sciences. 

“On the descriptive geometry of the sphere,” by Dr. ALEJANDRO GUEVARA, 
Honorary Professor of the School of Engineers of Lima. 

At the closing general session of the Congress, 147 resolutions were read and 
adopted, including a decision to hold the next Pan-American Scientific Congress 
in the city of San José in Costa Rica in 1929. 


The University of Manchester, England, announces its second session of 
summer courses in post-graduate mathematics to be held at University College, 
Bangor, Monday, August 24, to Saturday, September 5, 1925. The following 
courses are offered: 

“ Atomic structure and the quantum theory,” by Professor SYpDNEY CHAPMAN 

(Imperial College of Science, London). 

“Theory of functions,” by Professor L. J. MorpELL (Manchester University). 

“Higher geometry,” by Mr. H. W. Ricumonp (King’s College, Cambridge). 

The annual spring meeting of the Middle States and Maryland Association 
of Teachers of Mathematics was held at Teachers College, New York City, 
May 9, 1925. The program was as follows: 

1. General Mathematics in the Junior High School, Professor D. E. Smita, 

of Columbia University. 
2. General Mathematics in the Senior High School, J. A. SrvENSON, of the 
Wadleigh High School, N. Y. City. 

3. General Mathematics in the Junior College, Professor R. W. Burcess, of 
Brown University. 

4. Conference on a one-year course in plane and solid geometry, directed 
by Professor Tomiinson Fort of Hunter College; G. R. Mrricx of the 
Lincoln School led the discussion. 


He 
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The annual meeting of the ASSOCIATION FRANGAISE POUR L’AVANCEMENT DES 
ScrENCEs will be held at Grenoble, July 27 to August 1, 1925. 


Attention of American mathematicians is called to the fact that a year’s 
subscription to Sphinz-Gidipe costs only $1.20. By sending that amount (or 
more) to the editor, A. GERARDIN, 32 Quai Claude le Lorrain, Nancy, France, 
you will be helping a worthy mathematical journal which has already reached 
its twentieth year of usefulness. 


A questionnaire was recently addressed by Professor H. S. Everett of 
Bucknell University to 48 colleges and universities in the state of Pennsylvania 
concerning existing courses in mathematics as applied in the fields of finance and 
statistics. Replies were received from 41 institutions and indicate that at least 
19 are now offering (and several others are planning to offer) such courses. 
Amounts range from 2 to 21 semester hours, the average being slightly less than 6. 


The following 32 doctorates with mathematics or mathematical physics as 
major subject were conferred by American universities during 1924; the univer- 
sity and title of dissertation are given in each case. 

R. W. Bascock, Wisconsin, On thermal convection; HERMAN Betz, Yale, 
Surface transformations applied to dynamical systems with two degrees of free- 
dom; A. D. CAMPBELL, Cornell, Linear systems of conics in the Galois field; 
ELizABETH CARLSON, Minnesota, On the convergence of certain methods of 
closest approximation; G. H. CoLtiicnon, Johns Hopkins, Problems of flow in 
connection with mapping of spherical polygons; Jut1a T. Coxpitts, Cornell, 
On a certair class of entire functions; Jutta Dae, Cornell, Some properties 
of the exponential mean; Mareauerite D. Darxow, Chicago, Arithmetics of 
certain algebras of generalized quaternions; W. W. Extiort, Cornell, Generalized 
Green’s functions for compatible differential systems; F. J. Gerst, Johns 
Hopkins, Image points and Riemann’s theorem; CorNELIUS GouWENs, Chicago, 
Invariants of the linear group modulo p;“ --- p,; L. M. Graves, Chicago, 
The derivatives as independent function in the calculus of variations; C. F. 
GummER, Chicago, The relative distribution of the real roots of a system of poly- 
nomials; J. W. HepiEy, Chicago, Ruled surfaces whose flecnode curves belong 
to linear complexes; P. E. HemKeE, Johns Hopkins, A transformation involving 
f-functions with an aerodynamical application; J. L. Hottey, Harvard, Linear 
spaces and their fixed points; Harotp HoTE..in¢, Princeton, Three dimensional 
manifolds of states of motion; J. C. Huanes, Chicago, A problem in the calculus 
of variations in which one end-point is variable on a one-parameter family of 
curves; Mitprep Hunt, Chicago, The arithmetics of certain linear algebras; 
M. H. Incranam, Chicago, A general theory of linear sets; C. M. JENSEN, 
Minnesota, Some problems in the approximate representation of a function by a 
Sturm-Liouville interpolation formula; C. G. Latimer, Chicago, Arithmetic of 
generalized quaternions; Harry Levy, Princeton, Tensors determined by a 
hypersurface in a Riemann space; J. B. Linker, Johns Hopkins, Equations of 
motion; L. H. McFar.an, Missouri, Transformation of the Euler equations in 
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the calculus of variations; AristoTLE Micuat, Rice Institute, (a) Integro- 
differential expressions invariant under Volterra group of transformations, (6) 
Functions of curves invariant under point transformations of the plane; J. A, 
NyYswaNDER, Chicago, A direct method of obtaining the solutions of systems 
of linear differential equations having constant coefficients; R. G. Putnam, 
Chicago, On solutions of special, linear, third-order differential systems; B. P, 
Retnscu, Illinois, Expansion problems in connection with the hypergeometric 
differential equation; J. H. Taytor, Chicago, A generalization of Levi-Civita’s 
parallelism and the Frenet formulas; Martan M. Torrey, Cornell, On monoidal 
space transformations in which the monoids have a fixed tangent cone; D. V. 
Winner, Harvard, Theorems of mean value and trigonometric interpolation. 

The following degree, conferred in 1923, should have been included in the list 
for that year: FREDERICK Woop, Wisconsin, Group-v elocity and the propagation 
of disturbances i in dispersive media. 


THE SUMMER MEETING OF THE ASSOCIATION. 


The summer meeting of the Mathematical Association will be held at Cornell 
University, Ithaca, N. Y., on Tuesday and Wednesday, September 8-9, in con- 
nection with the summer meeting and colloquium of the Society. Addresses 
will be given by Professor G. D. Brrkuorr on “The mathematical basis of art” 
(illustrated), by Mr. H. E. Wess on “The foundations of geometry from an 
elementary standpoint,” by Professor Invina FisHer on “The mathematics of 
economics” and by Professor H. L. Rretz on “Certain applications of differential 
and integral calculus in actuarial science” (retiring presidential address), with 
probably one other paper. The full program with information as to room and 
board will be sent to the members of the Association about the first of August and 
reservations can be made at that time through Professor W. A. Hurwitz of 
Cornell University. 
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THE MAY MEETING OF THE ILLINOIS SECTION. 


The sixth annual meeting of the Illinois Section of the Mathematical Asso- 
ciation of America was held at Bradley Polytechnic Institute, Peoria, on May 
8-9, 1925. Chairman E. J. Moulton presided at both sessions. A short address 
of welcome was given by Acting President Wyckoff of Bradley College. 

The attendance was thirty-four, including the following twenty-three members 
of the Association: : 

H. A. Bender, G. A. Bliss, C. E. Comstock, A. R. Crathorne, D. R. Curtiss, 
C. A. Garabedian, A. E. Gault, M. Gertrude Haseman, Mabel M. Heren, Mildred 

“Hunt, E. C. Kiefer, Mayme I. Logsdon, E. J. Moulton, Mary W. Newson, 
H. P. Pettit, Theresa M. Renner, G. T. Sellew, H. E. Slaught, C. J. Stowell, 
Mildred E. Taylor, C. A. Van Velzer, Alice Winbigler, F. E. Wood. 

The following officers for the next year were elected: Chairman, E. B. LytLe 
of the University of Illinois; Vice-Chairman, E. C. Krerer, James Millikin 
University; Secretary-Treasurer, Bessie I. Rockford College. The 
committee also recommended that the next meeting be held at James Millikin 
University at Decatur, May 7-8, 1926. The final decision was left to the 
committee with power to act. The members of the committee are Professors 
Comstock, Sellew and Slaught. 

The following program was presented: 

(1) “The next step in a unified mathematics course for freshmen”’ by Pro- 
fessor Bessie I. Rockford College. 

(2) “The first Carus monograph” by Professor G. A. Biss, University 
of Chicago. 

(3) “Teaching mathematics to girls” by Professor J. B. SHaw, University 
of Illinois (by invitation). 

(4) “Music and mathematics” by Professor C. A. GARABEDIAN, North- 
western University. 

(5) “Graphing by ruler and compasses’’ by Dr. H. A. Benner, University 
of Illinois. 

(6) “A projective method of curve tracing’’ by Professor H. P. Pertit, 
Illinois Wesleyan University. 

(7) “Cross ratios in the complex plane”? by Dr. Mayme I. Loaspon, Uni- 
versity of Chicago. 

(8) “The Pearson method of curve fitting for statistical data” by Professor 
G. T. SELLEw, Knox College. 

(9) “The line of best fit for certain statistical data”’ by Professor E. J. 
Moutron, Northwestern University. 

(10) “The individual in statistics’’ by Professor A. R. CratHorne, Uni- 
versity of Illinois. 

1. In the absence of Professor Miller, Professor Comstock read and discussed 
her paper. This showed that the next step in a unified mathematics course for 
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